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1 example.hs

{−# LANGUAGE Flex ib l eContext s #−}
{−# LANGUAGE TypeFamil ies #−}
import Math . Compass

5 import Diagrams . Prelude h id ing ( c i r c l e )
import q u a l i f i e d Diagrams . Prelude as D
import Diagrams . Backend .SVG. CmdLine ( defaultMain )

import Data . Complex
10 import Data .Maybe ( fromJust )

po int ( EPoint ( x :+ y ) ) = D. c i r c l e 0 .02 # t r a n s l a t e ( r2 (x , y ) )
curve ( ELine ( EPoint z ) ( EPoint w) ) = fromVert i ce s [ p2 (px , py ) , p2 (qx , qy ) ]

where
15 px :+ py = z + 4 ∗ (w − z )

qx :+ qy = w + 4 ∗ ( z − w)
curve ( ECirc le ( EPoint (x :+ y ) ) r ) = D. c i r c l e r # t r a n s l a t e ( r2 (x , y ) )

example embedding = mconcat (map point [ a0 , b0 , c0 , d0 , e0 ] ++ map curve [ l0 , m0⤦
Ç , n0 ] )

20 where
a0 = EPoint ( ( −0 .5 ) :+ 0 . 25 )
b0 = EPoint ( 0 . 5 :+ 0 .5 )
c0 = EPoint ( ( −0 .5 ) :+ 0 .5 )
d0 = EPoint ( 0 . 5 :+ 0 . 25 )

25 Just a = unembedPoint embedding a0
Just b = unembedPoint embedding b0
Just c = unembedPoint embedding c0
Just d = unembedPoint embedding d0
l = l i n e a b

30 m = l i n e c d
n = c i r c l e e a
[ e ] = i n t e r s e c t l m
l 0 = embedConstruct embedding l
m0 = embedConstruct embedding m

35 n0 = embedConstruct embedding n
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e0 = embedPoint embedding e

main = defaultMain . hcat . map (pad 1 .1 . centerXY . l c b lack . lw 0 .002 . ⤦
Ç withEnvelope ’ s . c l ipBy ’ s . s t r oke ) $

[ example euc l i d ean : : Path V2 Double
40 , example po incareDi sc ‘mappend ‘ D. c i r c l e 1

, example po incareHa l fP lane ‘mappend ‘ hru l e 4
−− , example s t e r e og r aph i c

]
where

45 s = square 2 .2
withEnvelope ’ x y = withEnvelope (x ‘ asTypeOf ‘ y ) y
cl ipBy ’ x y = withEnvelope (x ‘ asTypeOf ‘ y ) y

2 Math/Compass/Class.hs

{−# LANGUAGE TypeFamil ies #−}
module Math . Compass . Class where

c l a s s Compass s where
5 type Sca la r s : : ∗

data Point s : : ∗
data Vector s : : ∗
data Construct s : : ∗
data Transform s : : ∗

10 o r i g i n : : Point s
one : : Vector s
vec to r : : Point s −> Vector s
l i n e : : Point s −> Point s −> Construct s
c i r c l e : : Point s −> Point s −> Construct s

15 i n t e r s e c t : : Construct s −> Construct s −> [ Point s ]
d i s t ance : : Point s −> Point s −> Sca la r s
ang le : : Point s −> Point s −> Point s −> Sca la r s
s c a l e : : S ca l a r s −> Vector s −> Vector s
r o t a t e : : S ca l a r s −> Vector s −> Vector s

20 compose : : Transform s −> Transform s −> Transform s
trans form : : Transform s −> Point s −> Point s
t r a n s l a t i o n : : Vector s −> Transform s
r o t a t i on : : S ca l a r s −> Transform s

25 pe rpend i cu l a rB i s e c t o r : : Point s −> Point s −> Construct s
p e rpend i cu l a rB i s e c t o r p q = l

where
c = c i r c l e p q
c ’ = c i r c l e q p

30 [ p ’ , q ’ ] = i n t e r s e c t c c ’
l = l i n e p ’ q ’

midpoint : : Point s −> Point s −> Point s
midpoint p q = m

35 where
l = l i n e p q
l ’ = pe rpend i cu l a rB i s e c t o r p q
[m] = i n t e r s e c t l l ’

40 data Embed s t = Embed
{ embedPoint : : Point s −> Point t
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, unembedPoint : : Point t −> Maybe ( Point s )
, embedConstruct : : Construct s −> Construct t
, unembedConstruct : : Construct t −> Maybe ( Construct s )

45 }

3 Math/Compass/Euclidean.hs

{−# LANGUAGE TypeFamilies , StandaloneDer iv ing , F l e x i b l e I n s t an c e s #−}
module Math . Compass . Eucl idean where

import Math . Compass . Class
5

import Data . Complex (Complex ( ( :+) ) , magnitude , phase , c i s )

data E r = E

10 i n s t ance RealFloat r => Compass (E r ) where
type Sca la r (E r ) = r
data Point (E r ) = EPoint ! ( Complex r )
data Vector (E r ) = EVector ! ( Complex r )
data Construct (E r ) = ELine ! ( Point (E r ) ) ! ( Point (E r ) ) | ECirc le ! ( Point⤦

Ç (E r ) ) ! r
15 data Transform (E r ) = ETransform ! r ! r ! r ! r ! r ! r

o r i g i n = EPoint 0
one = EVector 1
vec to r ( EPoint p) = EVector p
l i n e = ELine

20 c i r c l e p q = ECirc l e p ( d i s t anc e p q )

i n t e r s e c t ( ELine ( EPoint ( x1 :+ y1 ) ) ( EPoint ( x2 :+ y2 ) ) ) ( ELine ( EPoint ( x3⤦
Ç :+ y3 ) ) ( EPoint ( x4 :+ y4 ) ) )

−− | m == 0 | | n == 0 = [ ] −− co i n c i d en t
| d == 0 = [ ] −− p a r a l l e l

25 | otherw i s e = [ EPoint ( x :+ y ) ]
where

d = ( y4 − y3 ) ∗ ( x2 − x1 ) − ( x4 − x3 ) ∗ ( y2 − y1 )
m = ( x4 − x3 ) ∗ ( y1 − y3 ) − ( y4 − y3 ) ∗ ( x1 − x3 )
n = ( x2 − x1 ) ∗ ( y1 − y3 ) − ( y2 − y1 ) ∗ ( x1 − x3 )

30 x = x1 + ( x2 − x1 ) ∗ m / d
y = y1 + ( y2 − y1 ) ∗ m / d

i n t e r s e c t ( ELine ( EPoint ( x1 :+ y1 ) ) ( EPoint ( x2 :+ y2 ) ) ) ( ECirc l e ( EPoint (⤦
Ç x3 :+ y3 ) ) r3 )

| d == 0 = [ EPoint ( ( x1 + u ∗ ( x2 − x1 ) ) :+ ( y1 + u ∗ ( y2 − y1 ) ) ) ]
35 | d > 0 = [ EPoint ( ( x1 + u1 ∗ ( x2 − x1 ) ) :+ ( y1 + u1 ∗ ( y2 − y1 ) ) ) , ⤦

Ç EPoint ( ( x1 + u2 ∗ ( x2 − x1 ) ) :+ ( y1 + u2 ∗ ( y2 − y1 ) ) ) ]
| otherwi s e = [ ]
where

a = ( x2 − x1 ) ∗ ( x2 − x1 ) + ( y2 − y1 ) ∗ ( y2 − y1 )
b = 2 ∗ ( ( x2 − x1 ) ∗( x1 − x3 ) + ( y2 − y1 ) ∗( y1 − y3 ) )

40 c = x3∗x3 + y3∗y3 + x1∗x1 + y1∗y1 − 2∗( x3∗x1 + y3∗y1 ) − r3 ∗ r3
d = b∗b − 4 ∗ a ∗ c
u = −b / (2 ∗ a )
u1 = (−b + sq r t d) / (2 ∗ a )
u2 = (−b − s q r t d) / (2 ∗ a )

45

i n t e r s e c t ( ECirc le ( EPoint ( x0 :+ y0 ) ) r0 ) ( ECirc l e ( EPoint ( x1 :+ y1 ) ) r1 )
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| d == 0 && r0 == r1 = [ ] −− co i n c i d en t
| d == r0 + r1 = [ EPoint ( x2 :+ y2 ) ]
| d > r0 + r1 = [ ] −− d i s j o i n t

50 | d < abs ( r0 − r1 ) = [ ] −− conc en t r i c
| otherw i s e = [ EPoint ( ( x2 + x3 ) :+ ( y2 + y3 ) ) , EPoint ( ( x2 − x3 ) :+ ( y2 −⤦

Ç y3 ) ) ]
where

dx = x1 − x0
dy = y1 − y0

55 d = sq r t (dx ∗ dx + dy ∗ dy )
a = ( r0 ∗ r0 − r1 ∗ r1 + d ∗ d) / (2 ∗ d) ;
h = sq r t ( r0 ∗ r0 − a ∗ a )
x2 = x0 + a ∗ ( x1 − x0 ) / d
y2 = y0 + a ∗ ( y1 − y0 ) / d

60 x3 = h ∗ ( y1 − y0 ) / d
y3 = −h ∗ ( x1 − x0 ) / d

i n t e r s e c t c l = i n t e r s e c t l c

65 d i s t ance ( EPoint p) ( EPoint q ) = magnitude (p − q )

ang le ( EPoint p1 ) ( EPoint p2 ) ( EPoint p3 ) = phase ( ( p1 − p2 ) / ( p3 − p2 ) )

s c a l e s ( EVector ( x :+ y ) )= EVector ( s ∗ x :+ s ∗ y )
70

r o t a t e a ( EVector v ) = EVector ( c i s a ∗ v )

compose ( ETransform a b c d e f ) ( ETransform u v w x y z ) = ETransform ( a ∗ ⤦
Ç u + b ∗ x ) ( a ∗ v + b ∗ y ) ( a ∗ w + b ∗ z + c ) (d ∗ u + e ∗ x ) (d ∗ v ⤦
Ç + e ∗ y ) (d ∗ w + e ∗ z + f )

75 trans form (ETransform a b c d e f ) ( EPoint ( x :+ y ) ) = EPoint ( ( a ∗ x + b ∗ ⤦
Ç y + c ) :+ (d ∗ x + e ∗ y + f ) )

t r a n s l a t i o n ( EVector ( x :+ y ) ) = ETransform 1 0 x 0 1 y

r o t a t i on a = ETransform c (− s ) 0 s c 0
80 where

c :+ s = c i s a

midpoint ( EPoint p) ( EPoint q ) = EPoint ( ( p + q) / 2)

85 de r i v i ng in s t ance Read r => Read ( Point (E r ) )
d e r i v i ng in s t ance Read r => Read ( Vector (E r ) )
d e r i v i ng in s t ance Read r => Read ( Construct (E r ) )
d e r i v i ng in s t ance Read r => Read ( Transform (E r ) )
d e r i v i ng in s t ance Show r => Show ( Point (E r ) )

90 de r i v i ng in s t ance Show r => Show ( Vector (E r ) )
d e r i v i ng in s t ance Show r => Show ( Construct (E r ) )
d e r i v i ng in s t ance Show r => Show ( Transform (E r ) )
d e r i v i ng in s t ance Eq r => Eq ( Point (E r ) )
d e r i v i ng in s t ance Eq r => Eq ( Vector (E r ) )

95 de r i v i ng in s t ance Eq r => Eq ( Construct (E r ) )
d e r i v i ng in s t ance Eq r => Eq ( Transform (E r ) )

euc l i d ean : : Embed (E r ) (E r )
euc l i d ean = Embed
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100 { embedPoint = id
, unembedPoint = Just
, embedConstruct = id
, unembedConstruct = Just
}

4 Math/Compass.hs

{−# LANGUAGE MultiParamTypeClasses , F l e x i b l e I n s t anc e s , Funct ionalDependencies ⤦
Ç #−}

module Math . Compass
( module Math . Compass . Class
, module Math . Compass . Eucl idean

5 , module Math . Compass . Hyperbo l ic
) where

import Math . Compass . Class
import Math . Compass . Eucl idean

10 import Math . Compass . Hyperbol ic

5 Math/Compass/Hyperbolic.hs

{−# LANGUAGE TypeFamilies , StandaloneDer iv ing , F l e x i b l e I n s t an c e s #−}
module Math . Compass . Hyperbol ic where

import Data . Complex (Complex ( ( :+) ) , magnitude , phase , polar , mkPolar , c i s )
5 import Data .Maybe (mapMaybe)

import Math . Compass . Class
import Math . Compass . Eucl idean

10 data H r = H

po incareDi sc : : RealFloat r => Embed (H r ) (E r )
po incareDi sc = Embed

{ embedPoint = \(HPoint z w) −> EPoint ( z / w)
15 , unembedPoint = \( EPoint z ) −> i f magnitude z < 1 then Just (HPoint z 1) e l s e⤦

Ç Nothing
, embedConstruct = \c −> case c o f

HLine p q
| a2 < 1e−12 | | abs d < 1e−12 −> l i n e ( embedPoint po incareDi sc p) (⤦

Ç embedPoint po incareDi sc q )
| otherwi s e −> c i r c l e ( EPoint (ux :+ uy ) ) ( embedPoint po incareDi sc p)

20 where
ax :+ ay = fromPoint p
bx :+ by = fromPoint q
a2 = ax ∗ ax + ay ∗ ay
b2 = bx ∗ bx + by ∗ by

25 cx = ax / a2
cy = ay / a2
c2 = cx ∗ cx + cy ∗ cy ;
d = 2 ∗ ( ax ∗ ( by − cy ) + bx ∗ ( cy − ay ) + cx ∗ ( ay − by ) )
ux = ( a2 ∗( by − cy ) + b2 ∗( cy − ay ) + c2 ∗( ay − by ) ) / d

30 uy = ( a2 ∗( cx − bx ) + b2 ∗( ax − cx ) + c2 ∗( bx − ax ) ) / d
dx = ux − bx
dy = uy − by
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r = sq r t ( dx ∗ dx + dy ∗ dy )
HCirc le c ent r e rad iu s −> c i r c l e centre ’ p ’

35 where
v = ( normal ize . vec to r ) c en t r e
p = transform ( t r a n s l a t i o n ( s c a l e ( d i s t anc e o r i g i n cent r e − rad iu s ) v )⤦

Ç ) o r i g i n
q = transform ( t r a n s l a t i o n ( s c a l e ( d i s t ance o r i g i n cent r e + rad iu s ) v )⤦

Ç ) o r i g i n
p ’ = embedPoint po incareDi sc p

40 q ’ = embedPoint po incareDi sc q
centre ’ = midpoint p ’ q ’

, unembedConstruct = e r r o r ”unembedConstruct po incareDi sc ”
}

45 po incareHal fP lane : : RealFloat r => Embed (H r ) (E r )
po incareHa l fP lane = Embed

{ embedPoint = \(HPoint z w) −> EPoint (− i ∗ ( z + w) / ( z − w) )
, unembedPoint = \( EPoint z@( :+ y) ) −> i f y > 0 then Just (HPoint ( z − i ) ( z⤦

Ç + i ) ) e l s e Nothing
, embedConstruct = \c −> case c o f

50 HLine p q −> case i n t e r s e c t ( p e rp end i cu l a rB i s e c t o r p ’ q ’ ) ( l i n e o r i g i n (⤦
Ç EPoint 1) ) o f

[ c ’@( EPoint ( cx :+ ) ) ] | abs cx < 1e6 −> c i r c l e c ’ p ’
−> l i n e p ’ q ’

where
p ’ = embedPoint po incareHa l fP lane p

55 q ’ = embedPoint po incareHal fP lane q
HCirc le p r −>

l e t EPoint ( a :+ b) = embedPoint po incareHa l fP lane p
y = b ∗ cr
z = b ∗ s q r t ( cr ∗ cr − 1)

60 cr = cosh r
in c i r c l e ( EPoint ( a :+ y ) ) ( EPoint ( a :+ (y + z ) ) )

, unembedConstruct = e r r o r ”unembedConstruct po incareHa l fP lane ”
}
where

65 i = 0 :+ 1

in s t ance RealFloat r => Compass (H r ) where
type Sca la r (H r ) = r
data Point (H r ) = HPoint ! ( Complex r ) ! ( Complex r )

70 data Vector (H r ) = HVector ! ( Complex r )
data Construct (H r ) = HLine ! ( Point (H r ) ) ! ( Point (H r ) ) | HCirc le ! ( Point⤦

Ç (H r ) ) ! r
data Transform (H r ) = HTransform ! ( Complex r ) ! ( Complex r ) ! ( Complex r ) ! (⤦

Ç Complex r )
o r i g i n = HPoint 0 1
one = HVector 1

75 vec to r p@(HPoint z w) = HVector (mkPolar ( d i s t ance p o r i g i n ) ( phase ( z / w) )⤦
Ç )

l i n e = HLine
c i r c l e p q = HCirc le p ( d i s t ance p q )

r o t a t e a (HVector v ) = HVector ( c i s a ∗ v )
80 s c a l e s ( HVector ( x :+ y) ) = HVector ( s ∗ x :+ s ∗ y )

i n t e r s e c t l m = mapMaybe ( unembedPoint po incareDi sc ) $ i n t e r s e c t (⤦
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Ç embedConstruct po incareDi sc l ) ( embedConstruct po incareDi sc m)

d i s t ance p1 p2 = acosh (1 + 2 ∗ magnitudeSquared (u − v ) / ( (1 − ⤦
Ç magnitudeSquared u) ∗ (1 − magnitudeSquared v ) ) )

85 where
u = fromPoint p1
v = fromPoint p2

ang le p1 p2 p3 = angle ( t p1 ) o r i g i n ( t p3 )
90 where

t = embedPoint po incareDi sc . trans form ( t r a n s l a t i o n . s c a l e (−1) . ⤦
Ç vec to r $ p2 )

compose (HTransform a b c d) (HTransform u v x y ) = HTransform ( a ∗ u + b ∗ ⤦
Ç x ) ( a ∗ v + b ∗ y ) ( c ∗ u + d ∗ x ) ( c ∗ v + d ∗ y )

95 trans form (HTransform a b c d) (HPoint z w) = HPoint ( a ∗ z + b ∗ w) ( c ∗ z ⤦
Ç + d ∗ w)

t r a n s l a t i o n (HVector v )
| l > 0 = ro t a t i on s ‘ compose ‘ m ‘ compose ‘ r o t a t i on ( negate s )
| otherw i s e = HTransform 1 0 0 1

100 where
( l , s ) = po la r v
e = exp l
f = ( e + 1) :+ 0
g = ( e − 1) :+ 0

105 m = HTransform f g g f

r o t a t i on a = HTransform ( c i s a ) 0 0 1

fromPoint (HPoint z w) = z / w
110

magnitudeSquared (x :+ y ) = x ∗ x + y ∗ y

normal ize (HVector v )
| v == 0 = HVector 1

115 | otherw i s e = HVector ( signum v)

de r i v i ng in s t ance Read r => Read ( Point (H r ) )
d e r i v i ng in s t ance Read r => Read ( Vector (H r ) )
d e r i v i ng in s t ance Read r => Read ( Construct (H r ) )

120 de r i v i ng in s t ance Read r => Read ( Transform (H r ) )
d e r i v i ng in s t ance Show r => Show ( Point (H r ) )
d e r i v i ng in s t ance Show r => Show ( Vector (H r ) )
d e r i v i ng in s t ance Show r => Show ( Construct (H r ) )
d e r i v i ng in s t ance Show r => Show ( Transform (H r ) )

125 de r i v i ng in s t ance Eq r => Eq ( Point (H r ) )
d e r i v i ng in s t ance Eq r => Eq ( Vector (H r ) )
d e r i v i ng in s t ance Eq r => Eq ( Construct (H r ) )
d e r i v i ng in s t ance Eq r => Eq ( Transform (H r ) )
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