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1 example.hs

{-# LANGUAGE FlexibleContexts #-}
{-# LANGUAGE TypeFamilies #-}
import Math.Compass

import Diagrams.Prelude hiding (circle)
import qualified Diagrams.Prelude as D
import Diagrams.Backend.SVG.CmdLine (defaultMain)

import Data.Complex
import Data.Maybe (fromJust)

point (EPoint (x :+ y)) = D.circle 0.02 # translate (r2 (x, y))
curve (ELine (EPoint z) (EPoint w)) = fromVertices [ p2 (px, py), p2 (gx, qy) |
where

px :+ py =2z + 4 x (w - 3z)
ax i+ qy = w + 4 % (z - w)
curve (ECircle (EPoint (x :+ y)) r) = D.circle r # translate (r2 (x, y))

example embedding = mconcat (map point [a0, b0, c0, dO, e0] ++ map curve [l10, mOv

& , n0])

where
a0 = EPoint ((-0.5) :4+ 0.25)
b0 = EPoint ( 0.5 :+ 0.5 )
c0 = EPoint ((-0.5) :+ 0.5 )
d0 = EPoint ( 0.5 :4+ 0.25)
Just a = unembedPoint embedding a0
Just b = unembedPoint embedding b0
Just ¢ = unembedPoint embedding cO
Just d = unembedPoint embedding dO
l = line a b
m = line ¢ d
n = circle e a
[e] = intersect 1 m
10 = embedConstruct embedding 1
m0 = embedConstruct embedding m
n0 = embedConstruct embedding n
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e0 = embedPoint embedding e

main = defaultMain . hcat . map (pad 1.1 . centerXY

L withEnvel

ope’ s . clipBy’ s . stroke) $

[ example euclidean :: Path V2 Double

, example poi
, example poi

ncareDisc ‘mappend‘ D.circle 1
ncareHalfPlane ‘mappend‘ hrule 4

—— , example stereographic

J

where
s = square

2.2

lc black

withEnvelope’ x y = withEnvelope (x ‘asTypeOf‘ y) y
clipBy’ x y = withEnvelope (x ‘asTypeOf‘ y) ¥y

2 Math/C

ompass/Class.hs

{-# LANGUAGE TypeFamilies #-}
module Math.Compass. Class where

class Compass s where
type Scalar s *
data Point s *
data Vector s *
data Construct s :: =
data Transform s :: x*
origin :: Point s
one :: Vector s
vector :: Point s —> Vector s
line :: Point s -> Point s -> Construct s
circle :: Point s -> Point s —> Construct s
intersect Construct s —> Construct s —> [Point s]
distance :: Point s -> Point s —> Scalar s
angle :: Point s —> Point s —> Point s -> Scalar s
scale :: Scalar s -> Vector s —> Vector s
rotate :: Scalar s -> Vector s —> Vector s
compose :: Transform s —-> Transform s —-> Transform s
transform Transform s —> Point s —> Point s

translation

Vector s —> Transform s

rotation :: Scalar s -> Transform s

perpendicularBisector

perpendicularBisector p q = 1

where
¢ = circle p q
¢’ = circle q p
[p’, q’] = intersect ¢ ¢’
I = line p’ q’
midpoint :: Point s —> Point s -> Point s
midpoint p q = m
where
I = line p q
1’ = perpendicularBisector p q
[m] = intersect 1 1’

data Embed s t
{ embedPoint

= Embed
Point s -> Point ¢t

Point s -> Point s —> Construct s

lw 0.002

s
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, unembedPoint :: Point t -> Maybe (Point s)
, embedConstruct :: Construct s —> Construct t
, unembedConstruct :: Construct t —> Maybe (Construct s)

}
3 Math/Compass/Euclidean.hs

{-# LANGUAGE TypeFamilies, StandaloneDeriving, FlexibleInstances #-}
module Math.Compass. Euclidean where

import Math.Compass. Class
import Data.Complex (Complex((:4+)), magnitude, phase, cis)
data E r = E

instance RealFloat r => Compass (E r) where
type Scalar (E r) =r
data Point (E r) = EPoint !(Complex r)
data Vector (E r) = EVector !(Complex r)
data Construct (E r) = ELine !(Point (E r)) !(Point (E r)) | ECircle !(Pointv
S (Er)) Ir

data Transform (E r) = ETransform !r !r !r !r !r !Ir
origin = EPoint 0

one = EVector 1

vector (EPoint p) = EVector p

line = ELine

circle p q = ECircle p (distance p q)

intersect (ELine (EPoint (x1 :+ yl)) (EPoint (x2 :+ y2))) (ELine (EPoint (x3v¢

=x1 + (x2 - x1) *m / d
=yl + (y2 - yl) *m / d

G :+ y3)) (EPoint (x4 :+ y4)))
- | m= 0 || n=0 = [] -- coincident

| d = 0= [] -- parallel

| otherwise = [EPoint (x :+ y)]

where
d=(y4 - y3) * (x2 - x1) - (x4 - x3) * (y2 - yl)
m= (x4 - x3) * (yl - y3) - (y4 - y3) * (x1 - x3)
n=(x2-x1) % (yl — y3) - (y2 - yl) x (x1 - x3)
X
y

intersect (ELine (EPoint (x1 :+ yl1)) (EPoint (x2 :+ y2))) (ECircle (EPoint (v
G x3 4+ y3)) r3)

| d = 0 = [EPoint ((x1 + u = (x2 - x1))

| d > 0= [EPoint ((x1 4+ ul * (x2 - x1))

& EPoint ((x1 4+ u2 * (x2 - x1)) :+ (yl

+ (vl +u x (y2 - yl)))]
+ (y1 +ul x (y2 - yl))), ¢
+ u2 x (y2 - yl)))]

| otherwise = []
where
a = (x2 - x1) % (x2 - x1) + (y2 - yl) % (y2 - yl)
b=2x% ((x2 - x1)*x(x1 - x3) + (y2 - yl)x(yl - y3))
¢ = x3xx3 + y3xy3 + xlxx1 + ylxyl — 2x(x3xx1 + y3xyl) - r3x*r3
d =Dbxb - 4 x a x c
u = -b / (2 % a)
ul = (-b + sqrt d) / (2 % a)
u2 = (-b - sqrt d) / (2 a)

intersect (ECircle (EPoint (x0 :+ y0)) r0) (ECircle (EPoint (x1 :+ yl)) rl)
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| d = 04&& r0 = rl = [|] -- coincident
| d =10 + r1 = [EPoint (x2 :+ y2)]
| d > r0 +r1l = [] —— disjoint
| d < abs (r0 - rl) = [] -- concentric
| otherwise = [EPoint ((x2 + x3) :+ (y2 + y3)), EPoint ((x2 - x3) :+ (y2 -¢
. y3))]
where
dx = x1 - x0
dy = y1 - y0
d = sqrt(dx * dx + dy =* dy)
a = (r0 x 10 - 11 x rl +d xd) / (2 % d);
h = sqrt(r0 * 10 - a * a)

x2 = x0 + a * (x1 - x0)
y2 =y0 + a x (yl - y0)
x3 = h * (yl - y0) / d
y3 =-h % (x1 - x0) / d

intersect c¢ 1

distance

= intersect 1

angle (EPoint pl)

(EPoint p)

/
/

C

d
d

(EPoint q) = magnitude (p - q)

(EPoint p2)

(EPoint p3) = phase ((pl - p2) / (p3 - p2))

scale s (EVector (x :+ y))= EVector (s * x :+ s * y)

rotate a (EVector v)

EVector (cis a *x v)

compose (ETransform a b ¢ d

G u+ b x x)
G+ e xy)

(a x v+b
(d * w+ e x

transform (ETransform a b c
4+ (dx x+e xy+ f))

translation

.

y +¢)

rotation a =
where

C

+ s =

*

d

f) (ETransform u v w x y z) = ETransform (a * v
v) (a * w+ b *x z+c) (d*u+ex*xx) (dx*vy
+ f)

e f) (EPoint (x :+ y)) = EPoint ((a * x + b x v

(EVector (x :+ y)) = ETransform 1 0 x 0 1 y

ETransform ¢ (-s) 0 s ¢ 0O

cis a

midpoint (EPoint p)

deriving
deriving
deriving
deriving
deriving
deriving
deriving
deriving
deriving
deriving
deriving
deriving

euclidean

euclidea

n

instance
instance
instance
instance
instance
instance
instance
instance
instance
instance
instance
instance

Read
Read
Read
Read
Show
Show
Show
Show
Eq r
Eq r
Eq r
Eq r

r
r
T
r
r
T
T

T

(EPoint q) = EPoint ((p + q) / 2)

Read
Read
Read
Read
Show
Show
Show
Show

(Point (E r))
(Vector (E r))
(Construct (E r))
(Transform (E r))
(Point (E 1))
(Vector (E 1))
(Construct (E r))
(Transform (E r))

=> Eq (Point (E r))

= Eq

= Eq

Embed (E r)

= Embed

(E

r)

(Vector (E 1))
=> Eq (Construct (E r))
(Transform (E r))



100

10

10

15

20

25

30

compass Math/Compass.hs

{ embedPoint = id

, unembedPoint = Just

, embedConstruct = id

, unembedConstruct = Just

}
4 Math/Compass.hs

{-# LANGUAGE MultiParamTypeClasses, FlexibleInstances , FunctionalDependencies v
S o#-}
module Math.Compass
( module Math.Compass. Class
, module Math.Compass. Euclidean
, module Math.Compass. Hyperbolic
) where

import Math.Compass. Class
import Math.Compass. Euclidean
import Math.Compass. Hyperbolic

5 Math/Compass/Hyperbolic.hs

{-# LANGUAGE TypeFamilies, StandaloneDeriving, FlexibleInstances #-}
module Math.Compass. Hyperbolic where

import Data.Complex (Complex((:4+)), magnitude, phase, polar, mkPolar, cis)
import Data.Maybe (mapMaybe)

import Math.Compass. Class
import Math.Compass. Euclidean

data Hr = H

poincareDisc :: RealFloat r => Embed (H r) (E r)
poincareDisc = Embed
{ embedPoint = \(HPoint z w) -> EPoint (z / w)
, unembedPoint = \(EPoint z) —-> if magnitude z < 1 then Just (HPoint z 1) elsev

& Nothing
, embedConstruct = \c¢ -> case c¢ of
HLine p q
| a2 < le-12 || abs d < le-12 —> line (embedPoint poincareDisc p) (¥

 embedPoint poincareDisc q)
| otherwise —> circle (EPoint (ux :+ uy)) (embedPoint poincareDisc p)
where
ax :+ ay = fromPoint p
bx :4+ by = fromPoint q

a2 = ax % axX + ay * ay
b2 = bx % bx + by x by
cx = ax / a2
cy = ay / a2
c2 = c¢xX % ¢cX + cy * cy;

d=2 % (ax * (by — cy) + bx *x (cy - ay) + cx x (ay -
ux = (a2x(by - cy) + b2x(cy - ay) + c2x(ay - by)) / d
uy = (a2x(cx - bx) + b2«(ax - cx) + c2x*(bx - ax)) / d
dx = ux - bx
dy = uy - by

by))
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r = sqrt(dx * dx + dy * dy)
HCircle centre radius —> circle centre’ p’

where

v = (normalize . vector) centre

p = transform (translation (scale (distance origin centre - radius) v)v
& ) origin

q = transform (translation (scale (distance origin centre + radius) v)/
& ) origin

p’ = embedPoint poincareDisc p

q’ = embedPoint poincareDisc q

centre ’ = midpoint p’ q’

, unembedConstruct = error ”"unembedConstruct poincareDisc”

}

poincareHalfPlane :: RealFloat r = Embed (H r) (E r)
poincareHalfPlane = Embed
{ embedPoint = \(HPoint z w) -> EPoint (-i * (z + w) / (z - w))
, unembedPoint = \(EPoint zQ(_. :+ y)) —> if y > 0 then Just (HPoint (z - i) (zv
& 4+ 1)) else Nothing
, embedConstruct = \c¢ —-> case c¢ of
HLine p q —> case intersect (perpendicularBisector p’ q’) (line origin (¥
& EPoint 1)) of
[¢c’@(EPoint (ecx :+ _-))] | abs cx < 1e6 —> circle ¢’ p’
_ —> line p’ q’
where

)

p’ = embedPoint poincareHalfPlane p
q’ = embedPoint poincareHalfPlane q
HCircle p r —>

let EPoint (a :+ b) = embedPoint poincareHalfPlane p

y =b % cr

z =Db x sqrt (cr % cr - 1)

cr = cosh r

in circle (EPoint (a :+ y)) (EPoint (a :+ (y + 2z)))
, unembedConstruct = error ”"unembedConstruct poincareHalfPlane”
}
where
i=0:4+1

instance RealFloat r => Compass (H r) where

type Scalar (Hr) =r

data Point (H r) = HPoint !(Complex r) !(Complex r)

data Vector (H r) = HVector !(Complex r)

data Construct (H r) = HLine !(Point (H r)) !(Point (H r)) | HCircle !(Pointv
S (Hr)) Ir

data Transform (H r) = HTransform !(Complex r) !(Complex r) !(Complex r) (v
 Complex r)

origin = HPoint 0 1

one = HVector 1

vector pQ(HPoint z w) = HVector (mkPolar (distance p origin) (phase (z / w))»
S )

line = HLine

circle p q = HCircle p (distance p q)

rotate a (HVector v) = HVector (cis a * v)
scale s (HVector (x :+ y)) = HVector (s * x :+ s * y)

intersect 1 m = mapMaybe (unembedPoint poincareDisc) $ intersect (¥
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 embedConstruct poincareDisc 1) (embedConstruct poincareDisc m)

distance pl p2 = acosh (1 + 2 % magnitudeSquared (u - v) / ((1 - 2
& magnitudeSquared u) * (1 - magnitudeSquared v)))

85 where
u = fromPoint pl
v = fromPoint p2

angle pl p2 p3 = angle (t pl) origin (t p3)
90 where
t = embedPoint poincareDisc . transform (translation . scale (-1) . v
& vector § p2)

compose (HTransform a b ¢ d) (HTransform u v x y) = HTransform (a * u + b % v
G x) (axv+bxy) (cxu+d=x)(c*v+dsx*xy)

95 transform (HTransform a b ¢ d) (HPoint z w) = HPoint (a * z + b * w) (¢ % z »
G+ d o w)
translation (HVector v)
| 1 > 0 = rotation s ‘compose‘ m ‘compose‘ rotation (negate s)
| otherwise = HTransform 1 0 0 1
100 where
(1, s) = polar v
e = exp |
f=(e+ 1) :(+ 0
g=(e-1):+ 0
105 m = HTransform f g g f
rotation a = HTransform (cis a) 0 0 1
fromPoint (HPoint z w) =z / w
110
magnitudeSquared (x :+ y) = x * X +y * y
normalize (HVector v)
| v.= 0 = HVector 1
115 | otherwise = HVector (signum v)

=> Read

deriving instance Read r (Point (H r))
deriving instance Read r => Read (Vector (H r))
deriving instance Read r => Read (Construct (H r))
120  deriving instance Read r => Read (Transform (H r))
deriving instance Show r => Show (Point (H r))
deriving instance Show r => Show (Vector (H r))
deriving instance Show r => Show (Construct (H r))
deriving instance Show r => Show (Transform (H r))
125  deriving instance Eq r => Eq (Point (H r))
deriving instance Eq r = Eq (Vector (H r))
deriving instance Eq r => Eq (Construct (H r))
deriving instance Eq r => Eq (Transform (H r))



