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1 c/bin/Makefile

p r e f i x ?= $ (HOME)/opt
CC ?= gcc

PKGCONFIG := PKG CONFIG PATH=”$ ( p r e f i x ) / l i b / pkgconf ig ” pkg− c on f i g
5 COMPILE := $ (CC) −std=c99 −Wall −Wextra −pedant ic −fPIC −O3 −pipe −MMD ‘ $ (⤦

Ç PKGCONFIG) −− c f l a g s mandelbrot−symbol ics ‘
LIBS := ‘ $ (PKGCONFIG) −− l i b s mandelbrot−symbol ics ‘ −lgmp
OBJECTS := $ ( patsubst %.c ,%.o , $ ( wi ldcard ∗ . c ) )
DEPENDS := $ ( patsubst %.o ,%.d , $ (OBJECTS) )
EXES := $ ( patsubst %.o ,% ,$ (OBJECTS) )

10

a l l : $ (EXES)

c l ean :

2



mandelbrot-symbolics c/bin/m-binangle-from-rational.c

@echo ”CLEAN” ; rm − f $ (OBJECTS) $ (DEPENDS) $ (EXES)
15

i n s t a l l : $ (EXES)
i n s t a l l −d ”$ ( p r e f i x ) / bin ”
i n s t a l l −m 755 −t ”$ ( p r e f i x ) / bin ” $ (EXES)

20 %: %.o
@echo ”EXE $@” ; $ (CC) −o $@ $< $ (LIBS) | | ( echo ”ERROR $ (CC) −o ⤦

Ç $@ $< $ (LIBS) ” && f a l s e )

%.o : %.c
@echo ”O $@” ; $ (COMPILE) −o $@ −c $< | | ( echo ”ERROR $ (COMPILE⤦

Ç ) −o $@ $<” && f a l s e )
25

. SUFFIXES :

.PHONY: a l l c l ean i n s t a l l

.SECONDARY: $ (OBJECTS)

30 − i n c lude $ (DEPENDS)

2 c/bin/m-binangle-from-rational.c

#inc lude <s t d i o . h>
#inc lude <s t d l i b . h>
#inc lude <mandelbrot− symbol i c s . h>

5 i n t main ( i n t argc , char ∗∗ argv ) {
i f ( ! ( argc > 1) ) {

re turn 1 ;
}
mpq t q ;

10 mpq init ( q ) ;
mpq se t s t r (q , argv [ 1 ] , 10) ;
mpq canon ica l i ze ( q ) ;
m binangle ba ;
m b inang l e i n i t (&ba ) ;

15 m binang l e f r om ra t i ona l (&ba , q ) ;
char ∗ s = mal loc ( m b inang l e s t r l en (&ba ) ) ;
m b inang l e t o s t r i n g ( s , &ba ) ;
p r i n t f (”%s \n” , s ) ;
f r e e ( s ) ;

20 m binang l e c l e a r (&ba ) ;
mpq clear ( q ) ;
r e turn 0 ;

}

3 c/bin/m-binangle-to-rational.c

#inc lude <s t d i o . h>
#inc lude <s t d l i b . h>
#inc lude <mandelbrot− symbol i c s . h>

5 i n t main ( i n t argc , char ∗∗ argv ) {
i f ( ! ( argc > 1) ) {

re turn 1 ;
}

3



mandelbrot-symbolics c/include/mandelbrot-symbolics.h

m binangle ba ;
10 m binang l e i n i t (&ba ) ;

m b inang l e f r om st r ing (&ba , argv [ 1 ] ) ;
mpq t q ;
mpq init ( q ) ;
m b inang l e t o r a t i ona l (q , &ba ) ;

15 m binang l e c l e a r (&ba ) ;
mpq out str ( stdout , 10 , q ) ;
mpq clear ( q ) ;
putchar ( ’\n ’ ) ;
r e turn 0 ;

20 }

4 c/include/mandelbrot-symbolics.h

#i f n d e f MANDELBROT SYMBOLICS H
#de f i n e MANDELBROT SYMBOLICS H 1

#inc lude <s tdboo l . h>
5 #inc lude <gmp . h>

extern void m symbo l i c s i n i t ( void ) ;
extern void m symbo l i c s ex i t ( void ) ;

10 s t r u c t m block {
mpz t b i t s ;
i n t l ength ;

} ;
typede f s t r u c t m block m block ;

15

extern void m b lo ck i n i t ( m block ∗b) ;
extern void m b lock c l ea r ( m block ∗b) ;
extern void m block se t ( m block ∗o , const m block ∗a ) ;
extern void m block empty ( m block ∗b) ;

20 extern void m block append (m block ∗o , const m block ∗ l , const m block ∗ r ) ;
extern void m block concatmap (m block ∗o , const m block ∗ i , const m block ∗ lo , ⤦

Ç const m block ∗ hi ) ;
extern const char ∗m block f rom st r ing ( m block ∗b , const char ∗ s ) ;
extern void m b l o ck t o s t r i n g ( char ∗ s , const m block ∗b) ;

25 s t r u c t m binangle {
m block pre ;
m block per ;

} ;
typede f s t r u c t m binangle m binangle ;

30

extern void m b inang l e i n i t ( m binangle ∗a ) ;
extern void m b inang l e c l e a r ( m binangle ∗a ) ;
extern void m binang l e s e t ( m binangle ∗o , const m binangle ∗a ) ;
extern void m b inang l e f r om ra t i ona l ( m binangle ∗a , const mpq t q ) ;

35 extern void m b inang l e t o r a t i ona l (mpq t q , const m binangle ∗a ) ;
extern const char ∗m binang l e f r om st r ing ( m binangle ∗a , const char ∗ s ) ;
extern i n t m b inang l e s t r l en ( const m binangle ∗a ) ;
extern void m b inang l e t o s t r i n g ( char ∗ s , const m binangle ∗a ) ;
extern char ∗m binang l e to new s t r ing ( const m binangle ∗a ) ;

40 extern void m b inang l e c anon i c a l i z e ( m binangle ∗a ) ;
extern bool m b inang l e i s c anon i c a l ( const m binangle ∗a ) ;

4
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extern bool m b inang l e o th e r r ep r e s en ta t i on ( m binangle ∗a ) ;
extern void m binangle tune ( m binangle ∗o , const m binangle ∗ i , const m block ∗⤦

Ç lo , const m block ∗ hi ) ;
extern void m binangle bulb ( m binangle ∗ lo , m binangle ∗hi , const mpq t q ) ;

45

#end i f

5 c/lib/Makefile

p r e f i x ?= $ (HOME)/opt
CC ?= gcc

COMPILE := $ (CC) −std=c99 −Wall −Wextra −pedant ic −fPIC −O3 −pipe −ggdb −MMD − I⤦
Ç . . / i n c lude −c

5 LINK := $ (CC) −shared −ggdb
LIBRARY := l ibmandelbrot − symbol i c s
OBJECTS := $ ( patsubst %.c ,%.o , $ ( wi ldcard ∗ . c ) )
DEPENDS := $ ( patsubst %.o ,%.d , $ (OBJECTS) )

10 a l l : $ (LIBRARY) . a $ (LIBRARY) . so pkgconf ig /mandelbrot− symbol i c s . pc

c l ean :
@echo ”CLEAN” ; rm − f $ (OBJECTS) $ (DEPENDS) $ (LIBRARY) . a $ (LIBRARY) . so ⤦

Ç pkgconf ig /mandelbrot− symbol i c s . pc

15 i n s t a l l : $ (LIBRARY) . a $ (LIBRARY) . so . . / i n c lude /mandelbrot− symbol i c s . h pkgconf ig /⤦
Ç mandelbrot− symbol i c s . pc

i n s t a l l −d ”$ ( p r e f i x ) / in c lude ” ”$ ( p r e f i x ) / l i b ” ”$ ( p r e f i x ) / l i b / pkgconf ig ”
i n s t a l l −m 644 −t ”$ ( p r e f i x ) / in c lude ” . . / i n c lude /mandelbrot− symbol i c s . h
i n s t a l l −m 644 −t ”$ ( p r e f i x ) / l i b ” $ (LIBRARY) . a $ (LIBRARY) . so
i n s t a l l −m 644 −t ”$ ( p r e f i x ) / l i b / pkgconf ig ” pkgconf ig /mandelbrot−⤦

Ç symbol i c s . pc
20

$ (LIBRARY) . a : $ (OBJECTS)
@echo ”A $@” ; ar − r s $@ $ˆ | | ( echo ”ERROR ar − r s $@ $ˆ” && ⤦

Ç f a l s e )

$ (LIBRARY) . so : $ (OBJECTS)
25 @echo ”SO $@” ; $ (LINK) −o $@ $ˆ − l p a r i −lmpc − lmpfr −lgmp −lm | | (⤦

Ç echo ”ERROR $ (LINK) −o $@ $ˆ − l p a r i −lmpc − lmpfr −lgmp −lm” && ⤦
Ç f a l s e )

%.o : %.c
@echo ”O $@” ; $ (COMPILE) −o $@ $< | | ( echo ”ERROR $ (COMPILE) −⤦

Ç o $@ $<” && f a l s e )

30 pkgconf ig /mandelbrot− symbol i c s . pc : pkgconf ig /mandelbrot− symbol i c s . pc . in
@echo ”PC $@” ; ( echo ” p r e f i x=$ ( p r e f i x ) ” ; cat pkgconf ig /⤦

Ç mandelbrot− symbol i c s . pc . in ) > pkgconf ig /mandelbrot− symbol i c s . pc ⤦
Ç | | ( echo ’ERROR ( echo ” p r e f i x=$ ( p r e f i x ) ” ; cat pkgconf ig /⤦
Ç mandelbrot− symbol i c s . pc . in ) > pkgconf ig /mandelbrot− symbol i c s . pc ’ ⤦
Ç && f a l s e )

. SUFFIXES :

.PHONY: a l l c l ean i n s t a l l
35

− i n c lude $ (DEPENDS)

5
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6 c/lib/m binangle.c

#inc lude <mandelbrot− symbol i c s . h>
#inc lude <a s s e r t . h>
#inc lude <par i / pa r i . h>

5 s t a t i c i n t m per iod par i ( const mpz t den ) ;

extern void m b inang l e i n i t ( m binangle ∗a ) {
m blo ck i n i t (&a−>pre ) ;
m b l o ck i n i t (&a−>per ) ;

10 a−>per . l ength = 1 ;
}

extern void m b inang l e c l e a r ( m binangle ∗a ) {
m block c l ea r (&a−>pre ) ;

15 m block c l ea r (&a−>per ) ;
}

extern void m b inang l e f r om ra t i ona l ( m binangle ∗a , const mpq t q ) {
mpq t p ;

20 mpq init (p) ;
a−>pre . l ength = mpz scan1 ( mpq denref ( q ) , 0) ;
mpz fd iv q 2exp ( mpq denref (p) , mpq denref ( q ) , a−>pre . l ength ) ;
mpz fd iv qr ( a−>pre . b i t s , mpq numref (p) , mpq numref ( q ) , mpq denref (p) ) ;
a−>per . l ength = m per iod par i ( mpq denref (p) ) ;

25 mpz mul 2exp (a−>per . b i t s , mpq numref (p) , a−>per . l ength ) ;
mpz sub (a−>per . b i t s , a−>per . b i t s , mpq numref (p) ) ;
mpz fdiv q (a−>per . b i t s , a−>per . b i t s , mpq denref (p) ) ;
mpq clear (p) ;

}
30

extern void m b inang l e t o r a t i ona l (mpq t q , const m binangle ∗a ) {
mpz mul 2exp (mpq numref ( q ) , a−>pre . b i t s , a−>per . l ength ) ;
mpz sub (mpq numref ( q ) , mpq numref ( q ) , a−>pre . b i t s ) ;
mpz add (mpq numref ( q ) , mpq numref ( q ) , a−>per . b i t s ) ;

35 mpz s e t s i ( mpq denref ( q ) , 0) ;
mpz setb i t ( mpq denref ( q ) , a−>per . l ength ) ;
mpz sub ui ( mpq denref ( q ) , mpq denref ( q ) , 1) ;
mpz mul 2exp ( mpq denref ( q ) , mpq denref ( q ) , a−>pre . l ength ) ;
mpq canon ica l i ze ( q ) ;

40 }

void m b inang l e c anon i c a l i z e ( m binangle ∗a )
{

mpq t q ;
45 mpq init ( q ) ;

m b inang l e t o r a t i ona l (q , a ) ;
m b inang l e f r om ra t i ona l ( a , q ) ;
mpq clear ( q ) ;

}
50

extern i n t m b inang l e s t r l en ( const m binangle ∗a ) {
re turn 4 + a−>pre . l ength + a−>per . l ength ;

}

55 extern void m b inang l e t o s t r i n g ( char ∗ s , const m binangle ∗a ) {

6
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i n t k = 0 ;
s [ k++] = ’ . ’ ;
m b l o ck t o s t r i n g ( s + k , &a−>pre ) ;
k += a−>pre . l ength ;

60 s [ k++] = ’ ( ’ ;
m b l o ck t o s t r i n g ( s + k , &a−>per ) ;
k += a−>per . l ength ;
s [ k++] = ’ ) ’ ;
s [ k ] = 0 ;

65 }

extern const char ∗m binang l e f r om st r ing ( m binangle ∗a , const char ∗ s ) {
const char ∗ t = s ;
i f (∗ t != ’ . ’ ) r e turn 0 ;

70 t = m block f rom st r ing (&a−>pre , t + 1) ;
i f (∗ t != ’ ( ’ ) r e turn 0 ;
t = m block f rom st r ing (&a−>per , t + 1) ;
i f (∗ t != ’ ) ’ ) r e turn 0 ;
i f ( a−>per . l ength <= 0) return 0 ;

75 re turn t + 1 ;
}

extern void m binangle tune ( m binangle ∗o , const m binangle ∗ i , const m block ∗⤦
Ç lo , const m block ∗ hi ) {

m block concatmap(&o−>pre , &i−>pre , lo , h i ) ;
80 m block concatmap(&o−>per , &i−>per , lo , h i ) ;

}

extern void m binang l e s e t ( m binangle ∗o , const m binangle ∗a )
{

85 m block se t (&o−>pre , &a−>pre ) ;
m block se t (&o−>per , &a−>per ) ;

}

extern char ∗m binang l e to new s t r ing ( const m binangle ∗a )
90 {

i n t bytes = m b inang l e s t r l en ( a ) ;
char ∗o = mal loc ( bytes + 1) ;
m b inang l e t o s t r i n g (o , a ) ;
r e turn o ;

95 }

extern bool m b inang l e o th e r r ep r e s en ta t i on ( m binangle ∗a )
{

i f ( a−>per . l ength == 1)
100 {

i n t b = mpz get u i ( a−>per . b i t s ) & 1 ;
mpz se t u i ( a−>per . b i t s , ! b ) ;
i f ( a−>pre . l ength > 0)
{

105 i f (b )
{

mpz add ui ( a−>pre . b i t s , a−>pre . b i t s , 1) ;
}
e l s e

110 {
mpz sub ui ( a−>pre . b i t s , a−>pre . b i t s , 1) ;

7
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}
}
re turn true ;

115 }
re turn f a l s e ;

}

/∗ {{{ par i −gnump {{{ ∗/
120

/∗
Copyright © 2014 Andreas Enge <andreas . enge@inr ia . f r>

This f i l e i s part o f par i −gnump .
125

Pari −gnump i s f r e e so f tware ; you can r e d i s t r i b u t e i t and/ or modify i t
under the terms o f the GNU General Publ ic L i cense as publ i shed by
the Free Software Foundation ; e i t h e r v e r s i on 2 o f the License , or ( at
your opt ion ) any l a t e r v e r s i on .

130

Pari −gnump i s d i s t r i b u t e d in the hope that i t w i l l be use fu l , but
WITHOUT ANY WARRANTY; without even the impl i ed warranty o f
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
GNU General Publ ic L i cense f o r more d e t a i l s .

135

You should have r e c e i v ed a copy o f the GNU General Publ ic L i cense
along with Pari −gnump . I f not , s e e <http ://www. gnu . org / l i c e n s e s />.
∗/

140

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/
/∗ ∗/
/∗ Functions conver t ing between par i and mpz ∗/
/∗ ∗/

145 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

s t a t i c void mpz set GEN (mpz ptr z , GEN x)
/∗ Sets z to x , which needs to be o f type t INT . ∗/

150 {
const long lx = l g e f i n t ( x ) − 2 ;
const long s i gn = s i gne (x ) ;
i n t i ;

155 a s s e r t ( s i z e o f ( long ) == s i z e o f ( mp limb t ) ) ;

i f ( typ (x ) != t INT ) {
#i f 0

pari err TYPE (”mpz set GEN” , x ) ;
160 #end i f

} e l s e {
i f ( s i gn == 0)

mpz se t u i ( z , 0) ;
e l s e {

165 mpz rea l l oc2 ( z , l x ∗ BITS IN LONG) ;
z−> mp s ize = s i gn ∗ l x ;
f o r ( i = 0 ; i < l x ; i++)

( z−> mp d ) [ i ] = ∗ int W (x , i ) ;

8
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}
170 }

}

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

175 s t a t i c GEN mpz get GEN ( mpz srcptr z )
/∗ Returns the GEN of type t INT correspond ing to z . ∗/

{
const long l z = z−> mp s ize ;

180 const long lx = labs ( l z ) ;
const long lx2 = lx + 2 ;
i n t i ;
GEN x = cg e t i ( lx2 ) ;

185 a s s e r t ( s i z e o f ( long ) == s i z e o f ( mp limb t ) ) ;

x [ 1 ] = eva l s i g n e ( ( l z > 0 ? 1 : ( l z < 0 ? −1 : 0) ) ) | e v a l l g e f i n t ( lx2 ) ;
f o r ( i = 0 ; i < l x ; i++)

∗ int W (x , i ) = ( z−> mp d ) [ i ] ;
190

re turn x ;
}

/∗ }}} par i −gnump }}} ∗/
195

s t a t i c i n t m per iod par i ( const mpz t den ) {
m symbo l i c s i n i t ( ) ;
mpz t n ;
mpz in i t (n) ;

200 pa r i s p av = avma ;
mpz set GEN(n , order ( gmodulsg (2 , mpz get GEN( den ) ) ) ) ;
avma = av ;
i n t p = 0 ;
i f ( mp z f i t s s i n t p (n) ) {

205 p = mpz get s i (n) ;
}
mpz clear (n) ;
r e turn p ;

}

7 c/lib/m block.c

#inc lude <mandelbrot− symbol i c s . h>

extern void m b lo ck i n i t ( m block ∗b) {
mpz in i t (b−>b i t s ) ;

5 b−>l ength = 0 ;
}

extern void m b lock c l ea r ( m block ∗b) {
mpz clear (b−>b i t s ) ;

10 }

extern void m block empty ( m block ∗b) {
mpz s e t s i (b−>b i t s , 0) ;

9
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b−>l ength = 0 ;
15 }

extern void m block append (m block ∗o , const m block ∗ l , const m block ∗ r ) {
i f ( o == r ) {

mpz t r b i t s ;
20 mpz in i t ( r b i t s ) ;

mpz set ( rb i t s , r−>b i t s ) ;
mpz mul 2exp (o−>b i t s , l−>b i t s , r−>l ength ) ;
mpz ior ( o−>b i t s , o−>b i t s , r b i t s ) ;
o−>l ength = l−>l ength + r−>l ength ;

25 mpz clear ( r b i t s ) ;
} e l s e {

mpz mul 2exp (o−>b i t s , l−>b i t s , r−>l ength ) ;
mpz ior ( o−>b i t s , o−>b i t s , r−>b i t s ) ;
o−>l ength = l−>l ength + r−>l ength ;

30 }
}

extern void m block concatmap (m block ∗o , const m block ∗ i , const m block ∗ lo , ⤦
Ç const m block ∗ hi ) {

i f ( o == i | | o == lo | | o == hi ) {
35 m block o2 ;

m b l o ck i n i t (&o2 ) ;
m block empty(&o2 ) ;
f o r ( i n t k = 0 ; k < i−>l ength ; ++k) {

m block append(&o2 , &o2 , mpz t s tb i t ( i−>b i t s , i−>l ength − 1 − k ) ? h i : l o )⤦
Ç ;

40 }
mpz set ( o−>b i t s , o2 . b i t s ) ;
o−>l ength = o2 . l ength ;
m b lock c l ea r (&o2 ) ;

} e l s e {
45 m block empty ( o ) ;

f o r ( i n t k = 0 ; k < i−>l ength ; ++k) {
m block append (o , o , mpz t s tb i t ( i−>b i t s , i−>l ength − 1 − k ) ? h i : l o ) ;

}
}

50 }

extern const char ∗m block f rom st r ing ( m block ∗b , const char ∗ s ) {
mpz s e t s i (b−>b i t s , 0) ;
i n t i ;

55 f o r ( i = 0 ; s [ i ] == ’0 ’ | | s [ i ] == ’ 1 ’ ; ++i ) {
mpz mul 2exp (b−>b i t s , b−>b i t s , 1) ;
i f ( s [ i ] == ’1 ’ ) {

mpz setb i t (b−>b i t s , 0) ;
}

60 }
b−>l ength = i ;
r e turn s + i ;

}

65 extern void m b l o ck t o s t r i n g ( char ∗ s , const m block ∗b) {
f o r ( i n t i = 0 ; i < b−>l ength ; ++i ) {

s [ i ] = ’0 ’ + mpz ts tb i t (b−>b i t s , b−>l ength − 1 − i ) ;
}

10
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s [ b−>l ength ] = 0 ;
70 }

extern void m block se t ( m block ∗o , const m block ∗a )
{

mpz set ( o−>b i t s , a−>b i t s ) ;
75 o−>l ength = a−>l ength ;

}

8 c/lib/m symbolics.c

#inc lude <mandelbrot− symbol i c s . h>
#inc lude <s tdboo l . h>
#inc lude <s t d l i b . h>
#inc lude <par i / pa r i . h>

5

s t a t i c bool m symbo l i c s i n i t t ed = f a l s e ;
s t a t i c bool m symbo l i c s a t ex i t = f a l s e ;

extern void m symbo l i c s i n i t ( void ) {
10 i f ( ! m symbo l i c s i n i t t ed ) {

p a r i i n i t o p t s (500000 , 0 , INIT DFTm) ;// | INIT noIMTm) ;
m symbo l i c s i n i t t ed = true ;
i f ( ! m symbo l i c s a t ex i t ) {

a t e x i t ( m symbo l i c s ex i t ) ;
15 m symbo l i c s a t ex i t = true ;

}
}

}

20 extern void m symbo l i c s ex i t ( void ) {
i f ( m symbo l i c s i n i t t ed ) {

p a r i c l o s e o p t s (INIT DFTm) ;// | INIT noIMTm) ;
m symbo l i c s i n i t t ed = f a l s e ;

}
25 }

9 c/lib/pkgconfig/mandelbrot-symbolics.pc.in

e x e c p r e f i x=${ p r e f i x }
l i b d i r=${ e x e c p r e f i x }/ l i b
i n c l ud ed i r=${ p r e f i x }/ inc lude

5 Name : mandelbrot− symbol i c s
Desc r ip t i on : Symbolic a lgor i thms r e l a t e d to the Mandelbrot s e t
Vers ion : 0 . 1 . 0 . 0
URL: https : // code . mathr . co . uk/mandelbrot− symbol i c s
Libs : −L${ l i b d i r } − lmandelbrot − symbol i c s

10 Libs . p r i va t e : − l p a r i −lmpc − lmpfr −lgmp −lm
Cf lags : − I$ { i n c l ud ed i r }

10 COPYING

GNU GENERAL PUBLIC LICENSE
Vers ion 3 , 29 June 2007

11
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Copyright (C) 2007 Free Software Foundation , Inc . <http :// f s f . org/>
5 Everyone i s permitted to copy and d i s t r i b u t e verbatim cop i e s

o f t h i s l i c e n s e document , but changing i t i s not a l lowed .

Preamble

10 The GNU General Publ ic L i cense i s a f r e e , c opy l e f t l i c e n s e f o r
so f tware and other k inds o f works .

The l i c e n s e s f o r most so f tware and other p r a c t i c a l works are des igned
to take away your freedom to share and change the works . By contras t ,

15 the GNU General Publ ic L i cense i s intended to guarantee your freedom to
share and change a l l v e r s i on s o f a program−−to make sure i t remains f r e e
so f tware f o r a l l i t s u s e r s . We, the Free Software Foundation , use the
GNU General Publ ic L i cense f o r most o f our so f tware ; i t a pp l i e s a l s o to
any other work r e l e a s e d t h i s way by i t s authors . You can apply i t to

20 your programs , too .

When we speak o f f r e e so ftware , we are r e f e r r i n g to freedom , not
p r i c e . Our General Publ ic L i c en s e s are des igned to make sure that you
have the freedom to d i s t r i b u t e cop i e s o f f r e e so f tware ( and charge f o r

25 them i f you wish ) , that you r e c e i v e source code or can get i t i f you
want i t , that you can change the so f tware or use p i e c e s o f i t in new
f r e e programs , and that you know you can do these th ing s .

To pro t e c t your r i gh t s , we need to prevent o the r s from denying you
30 the se r i g h t s or ask ing you to sur render the r i g h t s . Therefore , you have

c e r t a i n r e s p o n s i b i l i t i e s i f you d i s t r i b u t e cop i e s o f the so ftware , or i f
you modify i t : r e s p o n s i b i l i t i e s to r e sp e c t the freedom of o the r s .

For example , i f you d i s t r i b u t e cop i e s o f such a program , whether
35 g r a t i s or f o r a fee , you must pass on to the r e c i p i e n t s the same

freedoms that you r e c e i v ed . You must make sure that they , too , r e c e i v e
or can get the source code . And you must show them these terms so they
know th e i r r i g h t s .

40 Developers that use the GNU GPL pro t e c t your r i g h t s with two s t ep s :
(1 ) a s s e r t copyr ight on the software , and (2 ) o f f e r you t h i s L i cense
g i v i ng you l e g a l permis s ion to copy , d i s t r i b u t e and/ or modify i t .

For the deve lopers ’ and authors ’ p ro tec t i on , the GPL c l e a r l y exp l a i n s
45 that the re i s no warranty f o r t h i s f r e e so f tware . For both users ’ and

authors ’ sake , the GPL r e qu i r e s that modi f i ed v e r s i on s be marked as
changed , so that t h e i r problems w i l l not be a t t r i bu t ed e r roneous ly to
authors o f prev ious v e r s i on s .

50 Some dev i c e s are des igned to deny us e r s a c c e s s to i n s t a l l or run
modi f i ed v e r s i on s o f the so f tware i n s i d e them , although the manufacturer
can do so . This i s fundamental ly incompat ib le with the aim o f
p ro t e c t i ng users ’ freedom to change the so f tware . The sys temat i c
pattern o f such abuse occurs in the area o f products f o r i n d i v i d u a l s to

55 use , which i s p r e c i s e l y where i t i s most unacceptable . Therefore , we
have des igned t h i s v e r s i on o f the GPL to p roh i b i t the p r a c t i c e f o r those
products . I f such problems a r i s e s u b s t a n t i a l l y in other domains , we
stand ready to extend t h i s p r ov i s i on to those domains in fu tu r e v e r s i on s
o f the GPL, as needed to p ro t e c t the freedom of u s e r s .

60

12
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Fina l ly , every program i s threatened cons tant ly by so f tware patents .
S ta t e s should not a l low patents to r e s t r i c t development and use o f
so f tware on genera l −purpose computers , but in those that do , we wish to
avoid the s p e c i a l danger that patents app l i ed to a f r e e program could

65 make i t e f f e c t i v e l y p rop r i e t a ry . To prevent th i s , the GPL as su r e s that
patents cannot be used to render the program non− f r e e .

The p r e c i s e terms and cond i t i on s f o r copying , d i s t r i b u t i o n and
mod i f i c a t i on f o l l ow .

70

TERMS AND CONDITIONS

0 . De f i n i t i o n s .

75 ”This L i cense ” r e f e r s to ve r s i on 3 o f the GNU General Publ ic L i cense .

”Copyright ” a l s o means copyr ight − l i k e laws that apply to other k inds o f
works , such as semiconductor masks .

80 ”The Program” r e f e r s to any copyr i gh tab l e work l i c e n s e d under t h i s
L i cense . Each l i c e n s e e i s addressed as ”you ” . ” L i c en s e e s ” and
” r e c i p i e n t s ” may be i nd i v i d u a l s or o r gan i z a t i on s .

To ”modify” a work means to copy from or adapt a l l or part o f the work
85 in a f a sh i on r e qu i r i n g copyr ight permiss ion , other than the making o f an

exact copy . The r e s u l t i n g work i s c a l l e d a ”modi f i ed ve r s i on ” o f the
e a r l i e r work or a work ”based on” the e a r l i e r work .

A ” covered work” means e i t h e r the unmodif ied Program or a work based
90 on the Program .

To ”propagate ” a work means to do anything with i t that , without
permiss ion , would make you d i r e c t l y or s e c onda r i l y l i a b l e f o r
in f r ingement under app l i c ab l e copyr ight law , except execut ing i t on a

95 computer or modifying a p r i va t e copy . Propagation i n c l ud e s copying ,
d i s t r i b u t i o n ( with or without mod i f i c a t i on ) , making a v a i l a b l e to the
publ ic , and in some coun t r i e s other a c t i v i t i e s as we l l .

To ”convey” a work means any kind o f propagat ion that enab l e s other
100 pa r t i e s to make or r e c e i v e cop i e s . Mere i n t e r a c t i o n with a user through

a computer network , with no t r a n s f e r o f a copy , i s not conveying .

An i n t e r a c t i v e user i n t e r f a c e d i s p l a y s ”Appropriate Legal Not i ce s ”
to the extent that i t i n c l ud e s a convenient and prominently v i s i b l e

105 f e a t u r e that (1 ) d i s p l a y s an appropr ia t e copyr ight not i ce , and (2 )
t e l l s the user that the re i s no warranty f o r the work ( except to the
extent that war rant i e s are provided ) , that l i c e n s e e s may convey the
work under t h i s License , and how to view a copy o f t h i s L i cense . I f
the i n t e r f a c e p r e s en t s a l i s t o f user commands or opt ions , such as a

110 menu , a prominent item in the l i s t meets t h i s c r i t e r i o n .

1 . Source Code .

The ” source code” f o r a work means the p r e f e r r e d form o f the work
115 f o r making mod i f i c a t i on s to i t . ”Object code” means any non− source

form o f a work .

13
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A ”Standard I n t e r f a c e ” means an i n t e r f a c e that e i t h e r i s an o f f i c i a l
standard de f ined by a recogn i z ed standards body , or , in the case o f

120 i n t e r f a c e s s p e c i f i e d f o r a p a r t i c u l a r programming language , one that
i s wide ly used among deve l ope r s working in that language .

The ”System L i b r a r i e s ” o f an executab l e work inc lude anything , other
than the work as a whole , that ( a ) i s inc luded in the normal form o f

125 packaging a Major Component , but which i s not part o f that Major
Component , and (b) s e r v e s only to enable use o f the work with that
Major Component , or to implement a Standard I n t e r f a c e f o r which an
implementation i s a v a i l a b l e to the pub l i c in source code form . A
”Major Component” , in t h i s context , means a major e s s e n t i a l component

130 ( kerne l , window system , and so on ) o f the s p e c i f i c opera t ing system
( i f any ) on which the executab l e work runs , or a compi le r used to
produce the work , or an ob j e c t code i n t e r p r e t e r used to run i t .

The ”Corresponding Source ” f o r a work in ob j e c t code form means a l l
135 the source code needed to generate , i n s t a l l , and ( f o r an executab l e

work ) run the ob j e c t code and to modify the work , i n c l ud ing s c r i p t s to
c on t r o l those a c t i v i t i e s . However , i t does not in c lude the work ’ s
System L ib ra r i e s , or genera l −purpose t o o l s or g en e r a l l y a v a i l a b l e f r e e
programs which are used unmodif ied in per forming those a c t i v i t i e s but

140 which are not part o f the work . For example , Corresponding Source
i n c l ud e s i n t e r f a c e d e f i n i t i o n f i l e s a s s o c i a t ed with source f i l e s f o r
the work , and the source code f o r shared l i b r a r i e s and dynamical ly
l i nked subprograms that the work i s s p e c i f i c a l l y des igned to requ i r e ,
such as by int imate data communication or c on t r o l f low between those

145 subprograms and other par t s o f the work .

The Corresponding Source need not in c lude anything that u s e r s
can r egene ra t e automat i ca l l y from other par t s o f the Corresponding
Source .

150

The Corresponding Source f o r a work in source code form i s that
same work .

2 . Bas ic Permiss ions .
155

Al l r i g h t s granted under t h i s L i cense are granted f o r the term o f
copyr ight on the Program , and are i r r e v o c ab l e provided the s ta t ed
cond i t i on s are met . This L i cense e x p l i c i t l y a f f i rm s your un l imited
permis s ion to run the unmodif ied Program . The output from running a

160 covered work i s covered by t h i s L i cense only i f the output , g iven i t s
content , c o n s t i t u t e s a covered work . This L i cense acknowledges your
r i g h t s o f f a i r use or other equ iva l ent , as provided by copyr ight law .

You may make , run and propagate covered works that you do not
165 convey , without cond i t i on s so long as your l i c e n s e otherwi se remains

in f o r c e . You may convey covered works to o the r s f o r the s o l e purpose
o f having them make mod i f i c a t i on s e x c l u s i v e l y f o r you , or prov ide you
with f a c i l i t i e s f o r running those works , provided that you comply with
the terms o f t h i s L i cense in conveying a l l mate r i a l f o r which you do

170 not c on t r o l copyr ight . Those thus making or running the covered works
f o r you must do so e x c l u s i v e l y on your beha l f , under your d i r e c t i o n
and contro l , on terms that p r oh i b i t them from making any cop i e s o f
your copyr ighted mate r i a l ou t s id e t h e i r r e l a t i o n s h i p with you .

14
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175 Conveying under any other c i r cumstances i s permitted s o l e l y under
the cond i t i on s s ta t ed below . Sub l i c en s i ng i s not a l lowed ; s e c t i o n 10
makes i t unnecessary .

3 . Pro tec t ing Users ’ Legal Rights From Anti−Circumvention Law .
180

No covered work s h a l l be deemed part o f an e f f e c t i v e t e c hno l o g i c a l
measure under any app l i c ab l e law f u l f i l l i n g o b l i g a t i o n s under a r t i c l e
11 o f the WIPO copyr ight t r ea ty adopted on 20 December 1996 , or
s im i l a r laws p r oh i b i t i n g or r e s t r i c t i n g c ircumvent ion o f such

185 measures .

When you convey a covered work , you waive any l e g a l power to f o rb i d
c i rcumvent ion o f t e c hno l o g i c a l measures to the extent such c ircumvent ion
i s e f f e c t e d by e x e r c i s i n g r i g h t s under t h i s L i cense with r e sp e c t to

190 the covered work , and you d i s c l a im any i n t en t i on to l im i t opera t i on or
mod i f i c a t i on o f the work as a means o f en fo rc ing , aga in s t the work ’ s
users , your or th i rd pa r t i e s ’ l e g a l r i g h t s to f o rb i d c i rcumvent ion o f
t e c hno l o g i c a l measures .

195 4 . Conveying Verbatim Copies .

You may convey verbatim cop i e s o f the Program ’ s source code as you
r e c e i v e i t , in any medium , provided that you consp i cuous ly and
approp r i a t e l y pub l i sh on each copy an appropr ia t e copyr ight no t i c e ;

200 keep i n t a c t a l l n o t i c e s s t a t i n g that t h i s L i cense and any
non−permi s s i v e terms added in accord with s e c t i o n 7 apply to the code ;
keep i n t a c t a l l n o t i c e s o f the absence o f any warranty ; and g ive a l l
r e c i p i e n t s a copy o f t h i s L i cense along with the Program .

205 You may charge any p r i c e or no p r i c e f o r each copy that you convey ,
and you may o f f e r support or warranty p ro t e c t i on f o r a f e e .

5 . Conveying Modif ied Source Vers ions .

210 You may convey a work based on the Program , or the mod i f i c a t i on s to
produce i t from the Program , in the form o f source code under the
terms o f s e c t i o n 4 , provided that you a l s o meet a l l o f the se c ond i t i on s :

a ) The work must car ry prominent no t i c e s s t a t i n g that you modi f i ed
215 i t , and g iv ing a r e l e van t date .

b ) The work must car ry prominent no t i c e s s t a t i n g that i t i s
r e l e a s e d under t h i s L i cense and any cond i t i on s added under s e c t i o n
7 . This requirement mod i f i e s the requirement in s e c t i o n 4 to

220 ”keep i n t a c t a l l n o t i c e s ” .

c ) You must l i c e n s e the e n t i r e work , as a whole , under t h i s
L i cense to anyone who comes in to po s s e s s i on o f a copy . This
L i cense w i l l t h e r e f o r e apply , a long with any app l i c ab l e s e c t i o n 7

225 add i t i o na l terms , to the whole o f the work , and a l l i t s parts ,
r e g a r d l e s s o f how they are packaged . This L i cense g i v e s no
permis s ion to l i c e n s e the work in any other way , but i t does not
i n v a l i d a t e such permis s ion i f you have s epa r a t e l y r e c e i v ed i t .

230 d) I f the work has i n t e r a c t i v e user i n t e r f a c e s , each must d i sp l ay
Appropriate Legal Not i ce s ; however , i f the Program has i n t e r a c t i v e

15
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i n t e r f a c e s that do not d i sp l ay Appropriate Legal Not ices , your
work need not make them do so .

235 A compi la t ion o f a covered work with other s epara t e and independent
works , which are not by t h e i r nature ex t en s i on s o f the covered work ,
and which are not combined with i t such as to form a l a r g e r program ,
in or on a volume o f a s to rage or d i s t r i b u t i o n medium , i s c a l l e d an
” aggregate ” i f the compi la t ion and i t s r e s u l t i n g copyr ight are not

240 used to l im i t the a c c e s s or l e g a l r i g h t s o f the compi lat ion ’ s u s e r s
beyond what the i nd i v i dua l works permit . I n c l u s i o n o f a covered work
in an aggregate does not cause t h i s L i cense to apply to the other
par t s o f the aggregate .

245 6 . Conveying Non−Source Forms .

You may convey a covered work in ob j e c t code form under the terms
o f s e c t i o n s 4 and 5 , provided that you a l s o convey the
machine− r eadab le Corresponding Source under the terms o f t h i s License ,

250 in one o f the se ways :

a ) Convey the ob j e c t code in , or embodied in , a phy s i c a l product
( i n c l ud ing a phy s i c a l d i s t r i b u t i o n medium) , accompanied by the
Corresponding Source f i x ed on a durable phy s i c a l medium

255 cus tomar i ly used f o r so f tware in te rchange .

b) Convey the ob j e c t code in , or embodied in , a phy s i c a l product
( i n c l ud ing a phy s i c a l d i s t r i b u t i o n medium) , accompanied by a
wr i t t en o f f e r , v a l i d f o r at l e a s t three years and va l i d f o r as

260 long as you o f f e r spare par t s or customer support f o r that product
model , to g ive anyone who po s s e s s e s the ob j e c t code e i t h e r (1 ) a
copy o f the Corresponding Source f o r a l l the so f tware in the
product that i s covered by t h i s License , on a durable phy s i c a l
medium customar i ly used f o r so f tware interchange , f o r a p r i c e no

265 more than your rea sonab l e co s t o f phy s i c a l l y per forming t h i s
conveying o f source , or (2 ) a c c e s s to copy the
Corresponding Source from a network s e r v e r at no charge .

c ) Convey i nd i v i dua l c op i e s o f the ob j e c t code with a copy o f the
270 wr i t t en o f f e r to prov ide the Corresponding Source . This

a l t e r n a t i v e i s a l lowed only o c c a s i o n a l l y and noncommercial ly , and
only i f you r e c e i v ed the ob j e c t code with such an o f f e r , in accord
with subs e c t i on 6b .

275 d) Convey the ob j e c t code by o f f e r i n g ac c e s s from a des ignated
p lace ( g r a t i s or f o r a charge ) , and o f f e r equ iva l en t a c c e s s to the
Corresponding Source in the same way through the same p lace at no
f u r t h e r charge . You need not r e qu i r e r e c i p i e n t s to copy the
Corresponding Source along with the ob j e c t code . I f the p lace to

280 copy the ob j e c t code i s a network se rver , the Corresponding Source
may be on a d i f f e r e n t s e r v e r ( operated by you or a th i rd party )
that supports equ iva l en t copying f a c i l i t i e s , provided you maintain
c l e a r d i r e c t i o n s next to the ob j e c t code say ing where to f i nd the
Corresponding Source . Regard le s s o f what s e r v e r hos t s the

285 Corresponding Source , you remain ob l i g a t ed to ensure that i t i s
a v a i l a b l e f o r as long as needed to s a t i s f y these requ i rements .

e ) Convey the ob j e c t code us ing peer −to−peer t ransmis s ion , provided

16
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you inform other pee r s where the ob j e c t code and Corresponding
290 Source o f the work are being o f f e r e d to the gene ra l pub l i c at no

charge under subse c t i on 6d .

A separab l e por t i on o f the ob j e c t code , whose source code i s excluded
from the Corresponding Source as a System Library , need not be

295 i nc luded in conveying the ob j e c t code work .

A ”User Product” i s e i t h e r (1 ) a ”consumer product ” , which means any
t ang i b l e pe r sona l property which i s normally used f o r persona l , fami ly ,
or household purposes , or (2 ) anything des igned or so ld f o r i n co rpo ra t i on

300 i n to a dwe l l i ng . In determining whether a product i s a consumer product ,
doubt fu l c a s e s s h a l l be r e s o l v ed in favor o f coverage . For a p a r t i c u l a r
product r e c e i v ed by a p a r t i c u l a r user , ” normally used” r e f e r s to a
t yp i c a l or common use o f that c l a s s o f product , r e g a r d l e s s o f the s t a tu s
o f the p a r t i c u l a r user or o f the way in which the p a r t i c u l a r user

305 a c tua l l y uses , or expect s or i s expected to use , the product . A product
i s a consumer product r e g a r d l e s s o f whether the product has s ub s t an t i a l
commercial , i n d u s t r i a l or non−consumer uses , un l e s s such uses r ep r e s en t
the only s i g n i f i c a n t mode o f use o f the product .

310 ” I n s t a l l a t i o n In format ion ” f o r a User Product means any methods ,
procedures , au tho r i z a t i on keys , or other in fo rmat ion r equ i r ed to i n s t a l l
and execute modi f i ed v e r s i on s o f a covered work in that User Product from
a modi f i ed ve r s i on o f i t s Corresponding Source . The in fo rmat ion must
s u f f i c e to ensure that the cont inued func t i on ing o f the modi f i ed ob j e c t

315 code i s in no case prevented or i n t e r f e r e d with s o l e l y because
mod i f i c a t i on has been made .

I f you convey an ob j e c t code work under t h i s s e c t i o n in , or with , or
s p e c i f i c a l l y f o r use in , a User Product , and the conveying occurs as

320 part o f a t r an sa c t i on in which the r i g h t o f po s s e s s i on and use o f the
User Product i s t r a n s f e r r e d to the r e c i p i e n t in pe rpe tu i ty or f o r a
f i x ed term ( r e g a r d l e s s o f how the t r an sa c t i on i s cha r a c t e r i z ed ) , the
Corresponding Source conveyed under t h i s s e c t i o n must be accompanied
by the I n s t a l l a t i o n In format ion . But t h i s requirement does not apply

325 i f n e i t h e r you nor any th i rd party r e t a i n s the a b i l i t y to i n s t a l l
modi f i ed ob j e c t code on the User Product ( f o r example , the work has
been i n s t a l l e d in ROM) .

The requirement to prov ide I n s t a l l a t i o n In format ion does not in c lude a
330 requirement to cont inue to prov ide support s e r v i c e , warranty , or updates

f o r a work that has been modi f i ed or i n s t a l l e d by the r e c i p i e n t , or f o r
the User Product in which i t has been modi f i ed or i n s t a l l e d . Access to a
network may be denied when the mod i f i c a t i on i t s e l f ma t e r i a l l y and
adve r s e l y a f f e c t s the opera t i on o f the network or v i o l a t e s the r u l e s and

335 p ro t o c o l s f o r communication ac ro s s the network .

Corresponding Source conveyed , and I n s t a l l a t i o n In format ion provided ,
in accord with t h i s s e c t i o n must be in a format that i s pub l i c l y
documented ( and with an implementation a v a i l a b l e to the pub l i c in

340 source code form ) , and must r e qu i r e no s p e c i a l password or key f o r
unpacking , read ing or copying .

7 . Addi t iona l Terms .

345 ”Addi t iona l pe rmi s s i ons ” are terms that supplement the terms o f t h i s

17



mandelbrot-symbolics COPYING

License by making except i ons from one or more o f i t s c ond i t i on s .
Addi t iona l pe rmi s s i ons that are app l i c ab l e to the e n t i r e Program s h a l l
be t r ea t ed as though they were inc luded in t h i s License , to the extent
that they are va l i d under app l i c ab l e law . I f add i t i o na l pe rmi s s i ons

350 apply only to part o f the Program , that part may be used s epa r a t e l y
under those permiss ions , but the e n t i r e Program remains governed by
t h i s L i cense without regard to the add i t i o na l pe rmi s s i ons .

When you convey a copy o f a covered work , you may at your opt ion
355 remove any add i t i o na l pe rmi s s i ons from that copy , or from any part o f

i t . ( Addi t iona l pe rmi s s i ons may be wr i t t en to r e qu i r e t h e i r own
removal in c e r t a i n ca s e s when you modify the work . ) You may p lace
add i t i o na l pe rmi s s i ons on mater ia l , added by you to a covered work ,
f o r which you have or can g ive appropr ia t e copyr ight permis s ion .

360

Notwithstanding any other p r ov i s i on o f t h i s License , f o r mate r i a l you
add to a covered work , you may ( i f author i zed by the copyr ight ho lde r s o f
that mate r i a l ) supplement the terms o f t h i s L i cense with terms :

365 a ) Disc la iming warranty or l im i t i n g l i a b i l i t y d i f f e r e n t l y from the
terms o f s e c t i o n s 15 and 16 o f t h i s L i cense ; or

b) Requir ing p r e s e r va t i on o f s p e c i f i e d rea sonab l e l e g a l n o t i c e s or
author a t t r i b u t i o n s in that mate r i a l or in the Appropriate Legal

370 Not ice s d i sp l ayed by works conta in ing i t ; or

c ) Proh ib i t i ng mi s r ep r e s en ta t i on o f the o r i g i n o f that mater ia l , or
r e qu i r i n g that modi f i ed v e r s i on s o f such mate r i a l be marked in
rea sonab l e ways as d i f f e r e n t from the o r i g i n a l v e r s i on ; or

375

d) Limit ing the use f o r pub l i c i t y purposes o f names o f l i c e n s o r s or
authors o f the mate r i a l ; or

e ) Dec l in ing to grant r i g h t s under trademark law f o r use o f some
380 t rade names , trademarks , or s e r v i c e marks ; or

f ) Requir ing i ndemn i f i c a t i on o f l i c e n s o r s and authors o f that
mate r i a l by anyone who conveys the mate r i a l ( or modi f i ed v e r s i on s o f
i t ) with con t ra c tua l assumptions o f l i a b i l i t y to the r e c i p i e n t , f o r

385 any l i a b i l i t y that these con t r a c tua l assumptions d i r e c t l y impose on
those l i c e n s o r s and authors .

Al l other non−permi s s i v e add i t i ona l terms are cons ide r ed ” f u r t h e r
r e s t r i c t i o n s ” with in the meaning o f s e c t i o n 10 . I f the Program as you

390 r e c e i v ed i t , or any part o f i t , conta in s a no t i c e s t a t i n g that i t i s
governed by t h i s L i cense along with a term that i s a f u r t h e r
r e s t r i c t i o n , you may remove that term . I f a l i c e n s e document conta in s
a f u r t h e r r e s t r i c t i o n but permits r e l i c e n s i n g or conveying under t h i s
License , you may add to a covered work mate r i a l governed by the terms

395 o f that l i c e n s e document , provided that the f u r t h e r r e s t r i c t i o n does
not su rv iv e such r e l i c e n s i n g or conveying .

I f you add terms to a covered work in accord with t h i s s e c t i on , you
must place , in the r e l e van t source f i l e s , a statement o f the

400 add i t i o na l terms that apply to those f i l e s , or a no t i c e i nd i c a t i n g
where to f i nd the app l i c ab l e terms .

18



mandelbrot-symbolics COPYING

Addit iona l terms , pe rmi s s i v e or non−permiss ive , may be s ta t ed in the
form o f a s epa r a t e l y wr i t t en l i c e n s e , or s ta t ed as except i on s ;

405 the above requ i rements apply e i t h e r way .

8 . Termination .

You may not propagate or modify a covered work except as exp r e s s l y
410 provided under t h i s L i cense . Any attempt otherwi se to propagate or

modify i t i s void , and w i l l automat i ca l l y terminate your r i g h t s under
t h i s L i cense ( i n c l ud ing any patent l i c e n s e s granted under the th i rd
paragraph o f s e c t i o n 11) .

415 However , i f you cease a l l v i o l a t i o n o f t h i s License , then your
l i c e n s e from a pa r t i c u l a r copyr ight ho lder i s r e i n s t a t e d ( a )
p r ov i s i o n a l l y , un l e s s and un t i l the copyr ight ho lder e x p l i c i t l y and
f i n a l l y te rminates your l i c e n s e , and (b) permanently , i f the copyr ight
ho lder f a i l s to no t i f y you o f the v i o l a t i o n by some reasonab l e means

420 p r i o r to 60 days a f t e r the c e s s a t i o n .

Moreover , your l i c e n s e from a pa r t i c u l a r copyr ight ho lder i s
r e i n s t a t e d permanently i f the copyr ight ho lder n o t i f i e s you o f the
v i o l a t i o n by some reasonab l e means , t h i s i s the f i r s t time you have

425 r e c e i v ed no t i c e o f v i o l a t i o n o f t h i s L i cense ( f o r any work ) from that
copyr ight holder , and you cure the v i o l a t i o n p r i o r to 30 days a f t e r
your r e c e i p t o f the no t i c e .

Termination o f your r i g h t s under t h i s s e c t i o n does not terminate the
430 l i c e n s e s o f p a r t i e s who have r e c e i v ed cop i e s or r i g h t s from you under

t h i s L i cense . I f your r i g h t s have been terminated and not permanently
r e i n s t a t ed , you do not qu a l i f y to r e c e i v e new l i c e n s e s f o r the same
mate r i a l under s e c t i o n 10 .

435 9 . Acceptance Not Required f o r Having Copies .

You are not r equ i r ed to accept t h i s L i cense in order to r e c e i v e or
run a copy o f the Program . Anc i l l a r y propagat ion o f a covered work
occur r ing s o l e l y as a consequence o f us ing peer −to−peer t ransmi s s i on

440 to r e c e i v e a copy l i k ew i s e does not r e qu i r e acceptance . However ,
nothing other than t h i s L i cense grants you permis s ion to propagate or
modify any covered work . These a c t i on s i n f r i n g e copyr ight i f you do
not accept t h i s L i cense . Therefore , by modifying or propagat ing a
covered work , you i nd i c a t e your acceptance o f t h i s L i cense to do so .

445

10 . Automatic L i c ens ing o f Downstream Rec ip i en t s .

Each time you convey a covered work , the r e c i p i e n t automat i ca l l y
r e c e i v e s a l i c e n s e from the o r i g i n a l l i c e n s o r s , to run , modify and

450 propagate that work , sub j e c t to t h i s L i cense . You are not r e s p on s i b l e
f o r en f o r c i ng compliance by th i rd p a r t i e s with t h i s L i cense .

An ” en t i t y t r an sa c t i on ” i s a t r an sa c t i on t r a n s f e r r i n g con t r o l o f an
organ i za t i on , or s u b s t a n t i a l l y a l l a s s e t s o f one , or subd iv id ing an

455 organ i za t i on , or merging o r gan i z a t i on s . I f propagat ion o f a covered
work r e s u l t s from an en t i t y t ransac t i on , each party to that
t r an sa c t i on who r e c e i v e s a copy o f the work a l s o r e c e i v e s whatever
l i c e n s e s to the work the party ’ s p r edec e s s o r in i n t e r e s t had or could
g ive under the prev ious paragraph , p lus a r i g h t to po s s e s s i on o f the
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460 Corresponding Source o f the work from the pr edec e s so r in i n t e r e s t , i f
the p r edec e s s o r has i t or can get i t with rea sonab l e e f f o r t s .

You may not impose any f u r t h e r r e s t r i c t i o n s on the e x e r c i s e o f the
r i g h t s granted or a f f i rmed under t h i s L i cense . For example , you may

465 not impose a l i c e n s e fee , roya l ty , or other charge f o r e x e r c i s e o f
r i g h t s granted under t h i s License , and you may not i n i t i a t e l i t i g a t i o n
( i n c l ud ing a cros s −c la im or counterc la im in a l awsu i t ) a l l e g i n g that
any patent c la im i s i n f r i n g e d by making , using , s e l l i n g , o f f e r i n g f o r
sa l e , or import ing the Program or any por t i on o f i t .

470

11 . Patents .

A ” con t r i bu to r ” i s a copyr ight ho lder who au tho r i z e s use under t h i s
L i cense o f the Program or a work on which the Program i s based . The

475 work thus l i c e n s e d i s c a l l e d the contr ibutor ’ s ” con t r i bu to r v e r s i on ” .

A contr ibutor ’ s ” e s s e n t i a l patent c la ims ” are a l l patent c la ims
owned or c on t r o l l e d by the cont r ibutor , whether a l r eady acqu i red or
h e r e a f t e r acquired , that would be i n f r i n g e d by some manner , permitted

480 by t h i s License , o f making , using , or s e l l i n g i t s c on t r i bu to r ver s ion ,
but do not in c lude c la ims that would be i n f r i n g e d only as a
consequence o f f u r t h e r mod i f i c a t i on o f the con t r i bu to r ve r s i on . For
purposes o f t h i s d e f i n i t i o n , ” c on t r o l ” i n c l ud e s the r i g h t to grant
patent s ub l i c e n s e s in a manner c on s i s t e n t with the requi rements o f

485 t h i s L i cense .

Each con t r i bu to r grants you a non− exc lu s i v e , worldwide , roya l ty − f r e e
patent l i c e n s e under the cont r ibutor ’ s e s s e n t i a l patent c la ims , to
make , use , s e l l , o f f e r f o r sa l e , import and otherw i s e run , modify and

490 propagate the contents o f i t s c on t r i bu to r ve r s i on .

In the f o l l ow i n g three paragraphs , a ” patent l i c e n s e ” i s any expre s s
agreement or commitment , however denominated , not to en f o r c e a patent
( such as an expre s s permis s ion to p r a c t i c e a patent or covenant not to

495 sue f o r patent in f r ingement ) . To ” grant ” such a patent l i c e n s e to a
party means to make such an agreement or commitment not to en f o r c e a
patent aga in s t the party .

I f you convey a covered work , knowingly r e l y i n g on a patent l i c e n s e ,
500 and the Corresponding Source o f the work i s not a v a i l a b l e f o r anyone

to copy , f r e e o f charge and under the terms o f t h i s License , through a
pub l i c l y a v a i l a b l e network s e r v e r or other r e a d i l y a c c e s s i b l e means ,
then you must e i t h e r (1 ) cause the Corresponding Source to be so
ava i l ab l e , or (2 ) arrange to depr ive y ou r s e l f o f the b en e f i t o f the

505 patent l i c e n s e f o r t h i s p a r t i c u l a r work , or (3 ) arrange , in a manner
c on s i s t e n t with the requi rements o f t h i s License , to extend the patent
l i c e n s e to downstream r e c i p i e n t s . ”Knowingly r e l y i n g ” means you have
ac tua l knowledge that , but f o r the patent l i c e n s e , your conveying the
covered work in a country , or your r e c i p i e n t ’ s use o f the covered work

510 in a country , would i n f r i n g e one or more i d e n t i f i a b l e patents in that
country that you have reason to b e l i e v e are va l i d .

I f , pursuant to or in connect ion with a s i n g l e t r an sa c t i on or
arrangement , you convey , or propagate by procur ing conveyance of , a

515 covered work , and grant a patent l i c e n s e to some o f the p a r t i e s
r e c e i v i n g the covered work autho r i z i ng them to use , propagate , modify
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or convey a s p e c i f i c copy o f the covered work , then the patent l i c e n s e
you grant i s automat i ca l l y extended to a l l r e c i p i e n t s o f the covered
work and works based on i t .

520

A patent l i c e n s e i s ” d i s c r im ina to ry ” i f i t does not in c lude with in
the scope o f i t s coverage , p r oh i b i t s the e x e r c i s e of , or i s
cond i t i oned on the non− e x e r c i s e o f one or more o f the r i g h t s that are
s p e c i f i c a l l y granted under t h i s L i cense . You may not convey a covered

525 work i f you are a party to an arrangement with a th i rd party that i s
in the bus in e s s o f d i s t r i b u t i n g software , under which you make payment
to the th i rd party based on the extent o f your a c t i v i t y o f conveying
the work , and under which the th i rd party grants , to any o f the
p a r t i e s who would r e c e i v e the covered work from you , a d i s c r im ina to ry

530 patent l i c e n s e ( a ) in connect ion with cop i e s o f the covered work
conveyed by you ( or cop i e s made from those cop i e s ) , or (b) p r imar i l y
f o r and in connect ion with s p e c i f i c products or compi l a t i ons that
conta in the covered work , un l e s s you entered in to that arrangement ,
or that patent l i c e n s e was granted , p r i o r to 28 March 2007 .

535

Nothing in t h i s L i cense s h a l l be construed as exc lud ing or l im i t i n g
any impl i ed l i c e n s e or other de f en s e s to in f r ingement that may
otherwi s e be a v a i l a b l e to you under app l i c ab l e patent law .

540 12 . No Surrender o f Others ’ Freedom .

I f c ond i t i on s are imposed on you ( whether by court order , agreement or
otherwi s e ) that con t r ad i c t the cond i t i on s o f t h i s License , they do not
excuse you from the cond i t i on s o f t h i s L i cense . I f you cannot convey a

545 covered work so as to s a t i s f y s imul taneous ly your o b l i g a t i o n s under t h i s
L i cense and any other pe r t i n en t ob l i g a t i on s , then as a consequence you may
not convey i t at a l l . For example , i f you agree to terms that ob l i g a t e you
to c o l l e c t a roya l ty f o r f u r t h e r conveying from those to whom you convey
the Program , the only way you could s a t i s f y both those terms and t h i s

550 License would be to r e f r a i n e n t i r e l y from conveying the Program .

13 . Use with the GNU Af fe ro General Publ ic L i cense .

Notwithstanding any other p r ov i s i on o f t h i s License , you have
555 permis s ion to l i n k or combine any covered work with a work l i c e n s e d

under ve r s i on 3 o f the GNU Af f e ro General Publ ic L i cense in to a s i n g l e
combined work , and to convey the r e s u l t i n g work . The terms o f t h i s
L i cense w i l l cont inue to apply to the part which i s the covered work ,
but the s p e c i a l requ i rements o f the GNU Af fe ro General Publ ic License ,

560 s e c t i o n 13 , concern ing i n t e r a c t i o n through a network w i l l apply to the
combination as such .

14 . Revised Vers ions o f t h i s L i cense .

565 The Free Software Foundation may pub l i sh r e v i s ed and/or new ve r s i on s o f
the GNU General Publ ic L i cense from time to time . Such new ve r s i on s w i l l
be s im i l a r in s p i r i t to the pre sent ver s ion , but may d i f f e r in d e t a i l to
address new problems or concerns .

570 Each ve r s i on i s g iven a d i s t i n g u i s h i n g ve r s i on number . I f the
Program s p e c i f i e s that a c e r t a i n numbered ve r s i on o f the GNU General
Publ ic L i cense ” or any l a t e r v e r s i on ” app l i e s to i t , you have the
opt ion o f f o l l ow i ng the terms and cond i t i on s e i t h e r o f that numbered
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ve r s i on or o f any l a t e r v e r s i on publ i shed by the Free Software
575 Foundation . I f the Program does not s p e c i f y a ve r s i on number o f the

GNU General Publ ic License , you may choose any ve r s i on ever publ i shed
by the Free Software Foundation .

I f the Program s p e c i f i e s that a proxy can dec ide which fu tu r e
580 v e r s i on s o f the GNU General Publ ic L i cense can be used , that proxy ’ s

pub l i c statement o f acceptance o f a ve r s i on permanently au tho r i z e s you
to choose that ve r s i on f o r the Program .

Later l i c e n s e v e r s i on s may g ive you add i t i ona l or d i f f e r e n t
585 permi s s i ons . However , no add i t i o na l o b l i g a t i o n s are imposed on any

author or copyr ight ho lder as a r e s u l t o f your choos ing to f o l l ow a
l a t e r v e r s i on .

15 . D i sc la imer o f Warranty .
590

THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EXTENT PERMITTED BY
APPLICABLE LAW. EXCEPT WHEN OTHERWISE STATED IN WRITING THE COPYRIGHT
HOLDERS AND/OR OTHER PARTIES PROVIDE THE PROGRAM ”AS IS” WITHOUT WARRANTY
OF ANY KIND, EITHER EXPRESSED OR IMPLIED, INCLUDING, BUT NOT LIMITED TO,

595 THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR
PURPOSE. THE ENTIRE RISK AS TO THE QUALITY AND PERFORMANCE OF THE PROGRAM
IS WITH YOU. SHOULD THE PROGRAM PROVE DEFECTIVE, YOU ASSUME THE COST OF
ALL NECESSARY SERVICING, REPAIR OR CORRECTION.

600 16 . L imi tat ion o f L i a b i l i t y .

IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR AGREED TO IN WRITING
WILL ANY COPYRIGHT HOLDER, OR ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS
THE PROGRAM AS PERMITTED ABOVE, BE LIABLE TO YOU FOR DAMAGES, INCLUDING ANY

605 GENERAL, SPECIAL, INCIDENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF THE
USE OR INABILITY TO USE THE PROGRAM (INCLUDING BUT NOT LIMITED TO LOSS OF
DATA OR DATA BEING RENDERED INACCURATE OR LOSSES SUSTAINED BY YOU OR THIRD
PARTIES OR A FAILURE OF THE PROGRAM TO OPERATE WITH ANY OTHER PROGRAMS) ,
EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN ADVISED OF THE POSSIBILITY OF

610 SUCH DAMAGES.

17 . I n t e r p r e t a t i o n o f Se c t i on s 15 and 16 .

I f the d i s c l a ime r o f warranty and l im i t a t i o n o f l i a b i l i t y provided
615 above cannot be g iven l o c a l l e g a l e f f e c t accord ing to t h e i r terms ,

r ev i ewing cour t s s h a l l apply l o c a l law that most c l o s e l y approximates
an abso lu t e waiver o f a l l c i v i l l i a b i l i t y in connect ion with the
Program , un l e s s a warranty or assumption o f l i a b i l i t y accompanies a
copy o f the Program in return f o r a f e e .

620

END OF TERMS AND CONDITIONS

How to Apply These Terms to Your New Programs

625 I f you develop a new program , and you want i t to be o f the g r e a t e s t
p o s s i b l e use to the publ ic , the bes t way to ach ieve t h i s i s to make i t
f r e e so f tware which everyone can r e d i s t r i b u t e and change under these terms .

To do so , attach the f o l l ow i n g no t i c e s to the program . I t i s s a f e s t
630 to attach them to the s t a r t o f each source f i l e to most e f f e c t i v e l y

22



mandelbrot-symbolics .gitignore

s t a t e the ex c l u s i on o f warranty ; and each f i l e should have at l e a s t
the ” copyr ight ” l i n e and a po in t e r to where the f u l l no t i c e i s found .

<one l i n e to g ive the program ’ s name and a b r i e f idea o f what i t does .>
635 Copyright (C) <year> <name o f author>

This program i s f r e e so f tware : you can r e d i s t r i b u t e i t and/ or modify
i t under the terms o f the GNU General Publ ic L i cense as publ i shed by
the Free Software Foundation , e i t h e r v e r s i on 3 o f the License , or

640 ( at your opt ion ) any l a t e r v e r s i on .

This program i s d i s t r i b u t e d in the hope that i t w i l l be use fu l ,
but WITHOUT ANY WARRANTY; without even the impl i ed warranty o f
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the

645 GNU General Publ ic L i cense f o r more d e t a i l s .

You should have r e c e i v ed a copy o f the GNU General Publ ic L i cense
along with t h i s program . I f not , s e e <http ://www. gnu . org / l i c e n s e s />.

650 Also add in fo rmat ion on how to contact you by e l e c t r o n i c and paper mail .

I f the program does te rmina l i n t e r a c t i on , make i t output a shor t
no t i c e l i k e t h i s when i t s t a r t s in an i n t e r a c t i v e mode :

655 <program> Copyright (C) <year> <name o f author>
This program comes with ABSOLUTELY NO WARRANTY; f o r d e t a i l s type ‘ show w’ .
This i s f r e e so f tware , and you are welcome to r e d i s t r i b u t e i t
under c e r t a i n cond i t i on s ; type ‘ show c ’ f o r d e t a i l s .

660 The hypo the t i c a l commands ‘ show w’ and ‘ show c ’ should show the appropr ia t e
par t s o f the General Publ ic L i cense . Of course , your program ’ s commands
might be d i f f e r e n t ; f o r a GUI i n t e r f a c e , you would use an ”about box ” .

You should a l s o get your employer ( i f you work as a programmer ) or schoo l ,
665 i f any , to s i gn a ” copyr ight d i s c l a ime r ” f o r the program , i f nece s sa ry .

For more in fo rmat ion on th i s , and how to apply and f o l l ow the GNU GPL, see
<http ://www. gnu . org / l i c e n s e s />.

The GNU General Publ ic L i cense does not permit i n co rpo ra t i ng your program
670 i n to p rop r i e t a ry programs . I f your program i s a subrout ine l i b r a ry , you

may cons id e r i t more u s e f u l to permit l i n k i n g p rop r i e t a ry app l i c a t i o n s with
the l i b r a r y . I f t h i s i s what you want to do , use the GNU Lesse r General
Publ ic L i cense in s t ead o f t h i s L i cense . But f i r s t , p l e a s e read
<http ://www. gnu . org / phi losophy /why−not− l g p l . html>.

11 .gitignore

∗ . a
∗ . d
∗ . o
∗ . pc

5 ∗ . so
c/bin /m−binangle −from− r a t i o n a l
c/ bin /m−binangle −to− r a t i o n a l
d i s t
. cabal −sandbox

10 caba l . sandbox . c on f i g
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12 hs/lib/Mandelbrot/Symbolics/AngledAddress.hs

module Mandelbrot . Symbolics . AngledAddress
( AngledAddress ( . . )
, angledAddress
, addressAngles

5 , s p l i tAddr e s s
, jo inAddress
, s t r ipAddre s s
) where

10 import Control .Monad
( guard
)

import Data . B i t s
( s h i f t L

15 , s h i f tR
, ( .& . )
, ( . | . )
)

import Data . L i s t
20 ( elemIndex

)

import Data . S t r i c t . Tuple
( Pair ( ( : ! : ) )

25 )

import Mandelbrot . Symbolics . ExternalAngle
( ExternalAngle
, Tuning ( . . )

30 )
import Mandelbrot . Symbolics . In te rna lAddres s

( Inte rna lAddres s ( . . )
, i n t e rna lAddre s s
)

35 import Mandelbrot . Symbolics . In te rna lAng l e
( Inte rna lAng l e
)

import Mandelbrot . Symbolics . Kneading
( Kneading

40 , kneading
, unwrap
)

import Mandelbrot . Symbolics . Per iod
( Period ( preper iod , per iod )

45 )
import Mandelbrot . Symbolics . Rat iona l

( (%)
, numerator
, denominator

50 , z e ro
, one
, wrap
, double
, doubleOdd

55 )
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−− | Angled i n t e r n a l addre s s e s have i n t e r n a l ang l e s between each per iod in an
−− i n t e r n a l address .
data AngledAddress

= Unangled ! Int
60 | Angled ! Int ! In te rna lAng l e AngledAddress

d e r i v i ng (Read , Show , Eq , Ord)

−− | The per iod o f an angled i n t e r n a l address .
i n s t ance Period AngledAddress where

65 preper i od = 0
per iod ( Unangled p) = p
per iod ( Angled a ) = per iod a

{−
70 −− | Bui lds a va l i d ’ AngledAddress ’ from a l i s t , check ing the

−− precond i t i on that only the l a s t ’Maybe Angle ’ should be ’ Nothing ’ ,
−− and the ’ Integer ’ must be s t r i c t l y i n c r e a s i n g .
angledFromList : : [ ( Int , Maybe Inte rna lAng l e ) ] −> Maybe AngledAddress
angledFromList = fromList ’ 0

75 where
fromList ’ x [ ( n , Nothing ) ] | n > x = Just ( Unangled n)
fromList ’ x ( ( n , Just r ) : xs ) | n > x && zero < r && r < one = Angled n r ‘⤦

Ç fmap ‘ fromList ’ n xs
fromList ’ = Nothing

−}
80

unsafeAngledFromList : : [ ( Int , Maybe Inte rna lAng l e ) ] −> AngledAddress
unsafeAngledFromList = fromList ’ 0

where
fromList ’ x [ ( n , Nothing ) ] | n > x = Unangled n

85 f romList ’ x ( ( n , Just r ) : xs ) | n > x && zero < r && r < one = Angled n r (⤦
Ç f romList ’ n xs )

fromList ’ x xs = e r r o r $ ”AngledAddress . unsafeAngledFromList ” ++ show (x , ⤦
Ç xs )

−− | Convert an ’ AngledAddress ’ to a l i s t .
angledToList : : AngledAddress −> [ ( Int , Maybe Inte rna lAng l e ) ]

90 angledToList ( Unangled n) = [ ( n , Nothing ) ]
angledToList ( Angled n r a ) = (n , Just r ) : angledToList a

denominators : : In te rna lAddres s −> Kneading −> [ Int ]
denominators ( Inte rna lAddres s xs ) v = denominators ’ xs

95 where
denominators ’ ( s0 : ss@ ( s1 : ) ) =

l e t r r = r s0 s1
in ( ( ( s1 − r r ) ‘ div ‘ s0 ) + i f ( s0 ==) . head . dropWhile (< s0 ) . i t e r a t e⤦

Ç p $ r r then 1 e l s e 2) : denominators ’ s s
denominators ’ = [ ]

100 r s s ’ = case s ’ ‘mod ‘ s o f
0 −> s
t −> t

p = rho v

105 rho : : Kneading −> Int −> Int
rho v = rho ’

where
rho ’ r

25
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| r >= 1 && r ‘mod‘ n /= 0 = ((1 + r ) +) . l ength . takeWhile id . zipWith⤦
Ç (==) (unwrap v ) . drop r $ ( unwrap v )

110 | otherw i s e = rho ’ ( r + 1)
n = per iod v

numerators : : ExternalAngle −> In te rna lAddres s −> [ Int ] −> [ Int ]
numerators r ( Inte rna lAddres s a ) qs = zipWith num a qs

115 where
num s q = length . f i l t e r (<= r ) . map ( r s ! ! ) $ [ 0 . . q − 2 ]

where
r s = i t e r a t e (\ t −> f o l d r ( . ) id ( r e p l i c a t e s ( i f even ( denominator t ) ⤦

Ç then double e l s e doubleOdd ) ) $ t ) (wrap r )

120 −− | The angled i n t e r n a l address cor re spond ing to an ex t e rna l ang le .
angledAddress : : ExternalAngle −> Maybe AngledAddress
angledAddress r0 = do

l e t r = wrap r0
k = kneading r

125 i@ ( Inte rna lAddres s i s ) <− i n t e rna lAddre s s k
l e t d = denominators i k

n = numerators r i d
re turn . unsafeAngledFromList . z ip i s . (++ [ Nothing ] ) . map Just . zipWith ⤦

Ç (\ a b −> f r omInteg ra l a % f romInteg ra l b) n $ d

130 −− | Sp l i t an angled i n t e r n a l address at the l a s t i s l a nd .
sp l i tAddr e s s : : AngledAddress −> ( AngledAddress , [ In te rna lAng l e ] )
sp l i tAddr e s s a =

l e t ( ps0 , r s0 ) = unzip $ angledToList a
ps1 = r ev e r s e ps0

135 r s1 = r ev e r s e ( Nothing : i n i t r s0 )
prs1 = z ip ps1 r s1
f ( ( p , Just r ) : qrs@ ( ( q , ) : ) ) acc

| p == fromInteg ra l ( denominator r ) ∗ q = f qrs ( r : acc )
f prs acc = g prs acc

140 g prs acc =
l e t ( ps2 , r s2 ) = unzip prs

ps3 = r ev e r s e ps2
r s3 = r ev e r s e ( Nothing : i n i t r s2 )
prs3 = z ip ps3 r s3

145 aa = unsafeAngledFromList prs3
in ( aa , acc )

in f prs1 [ ]

−− | The i nv e r s e o f ’ sp l i tAddre s s ’ .
150 j o inAddres s : : AngledAddress −> [ In te rna lAng l e ] −> AngledAddress

jo inAddres s ( Unangled p) [ ] = Unangled p
jo inAddres s ( Unangled p) ( r : r s ) = Angled p r ( jo inAddress ( Unangled $ p ∗ ⤦

Ç f r omInteg ra l ( denominator r ) ) r s )
jo inAddres s ( Angled p r a ) r s = Angled p r ( jo inAddress a r s )

155 −− | Discard ang le in fo rmat ion from an i n t e r n a l address .
s t r ipAddre s s : : AngledAddress −> In te rna lAddres s
s t r ipAddre s s = Inte rna lAddres s . map f s t . angledToList

160 −− | The pa i r o f e x t e rna l ang l e s whose rays land at the root o f the
−− hype rbo l i c component de s c r ibed by the angled i n t e r n a l address .
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addressAngles : : AngledAddress −> Maybe ( ExternalAngle , ExternalAngle )
addressAngles = externa lAng les ’ 1 ( zero , one )

165 externa lAng les ’ : : Int −> ( ExternalAngle , ExternalAngle ) −> AngledAddress −> ⤦

Ç Maybe ( ExternalAngle , ExternalAngle )
externa lAng les ’ p0 l o h i a0@(Unangled p)

| p0 /= p = case wakees l o h i p o f
[ lh ] −> externa lAng les ’ p lh a0
−> Nothing

170 | otherwi s e = Just l o h i
externa lAng les ’ p0 l o h i a0@(Angled p r a )

| p0 /= p = case wakees l o h i p o f
[ lh ] −> externa lAng les ’ p lh a0
−> Nothing

175 | otherwi s e = do
l e t num = numerator r

den = denominator r
ws = wakees ( zero , one ) ( f r omInteg ra l den )
nums = [ num’ | num’ <− [ 1 . . den − 1 ] , l e t r ’ = num’ % den : : ⤦

Ç ExternalAngle , denominator r ’ == den ]
180 nws , nnums : : Int

nws = length ws
nnums = length nums

guard (nws == nnums)
i <− elemIndex num nums

185 ( l , h ) <− sa f e Index ws i
externa lAng les ’ (p ∗ f r omInteg ra l den ) ( i f p > 1 then ( tune l o h i l , tune ⤦

Ç l o h i h) e l s e ( l , h ) ) a

wakees : : ( ExternalAngle , ExternalAngle ) −> Int −> [ ( ExternalAngle , ⤦
Ç ExternalAngle ) ]

wakees ( lo , h i ) q =
190 l e t gaps ( l : ! : h ) n

| n == 0 = [ ( l : ! : h ) ]
| n > 0 = l e t gs = gaps ( l : ! : h ) (n − 1)

cs = cand idates n gs
in accumulate cs gs

195 | otherwi s e = e r r o r $ ”AngledAddress . gaps : ! ( n >= 0) ” ++ show n
cand idates n gs =

l e t den = (1 ‘ sh i f tL ‘ n) − 1
in [ r

| ( l : ! : h ) <− gs
200 , num <− [ c e i l i n g ’ l n . . f l o o r ’ h n ]

, f u l l p e r i o d n num
, l e t r = num % den
, l < r , r < h
]

205 accumulate [ ] ws = ws
accumulate ( l : h : l h s ) ws =

l e t ( l s , ms@( (ml : ! : ) : ) ) = break ( l ‘ i n s i d e ‘ ) ws
( s , ( : ! : rh ) : r s ) = break (h ‘ i n s i d e ‘ ) ms

in l s ++ [ ( ml : ! : l ) ] ++ accumulate l h s ( ( h : ! : rh ) : r s )
210 accumulate = e r r o r ”AngledAddress . accumulate ! even”

i n s i d e x ( l : ! : h ) = l < x && x < h
f u l l p e r i o d bs = \n −> and [ ( ( ( n ‘ sh i f tR ‘ b) . | . (n ‘ sh i f tL ‘ ( bs − b) ) ) ⤦

Ç .&. mask ) /= n | b <− f a c t o r s ]
where
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f a c t o r s = [ b | b <− [ bs − 1 , bs − 2 . . 1 ] , bs ‘mod ‘ b == 0 ]
215 mask = (1 ‘ sh i f tL ‘ bs ) − 1

in chunk2 . cand idate s q . gaps ( l o : ! : h i ) $ ( q − 1)

chunk2 : : [ t ] −> [ ( t , t ) ]
chunk2 [ ] = [ ]

220 chunk2 (x : y : z s ) = (x , y ) : chunk2 zs
chunk2 = e r r o r ”AngledAddress . chunk2 ! even”

sa f e Index : : [ a ] −> Int −> Maybe a
sa f e Index [ ] = Nothing

225 sa f e Index (x : xs ) i
| i < 0 = Nothing
| i > 0 = sa f e Index xs ( i − 1)
| otherwi s e = Just x

230 −− | c e i l i n g ’ x y = c e i l i n g $ x ∗ (2ˆy − 1)
c e i l i n g ’ : : ExternalAngle −> Int −> I n t eg e r
c e i l i n g ’ x y = ( ( numerator x ‘ sh i f tL ‘ y ) − numerator x + denominator x − 1) ‘ div⤦

Ç ‘ denominator x

−− | f l o o r ’ x y = f l o o r $ x ∗ (2ˆy − 1)
235 f l o o r ’ : : ExternalAngle −> Int −> I n t eg e r

f l o o r ’ x y = ( ( numerator x ‘ sh i f tL ‘ y ) − numerator x ) ‘ div ‘ denominator x

13 hs/lib/Mandelbrot/Symbolics/Block.hs

module Mandelbrot . Symbolics . Block
( Block ( . . )
, ( ! )
, (!<)

5 , concatMap
, compact
, r o t a t e
, s p l i tA t
, take

10 , drop
, t oL i s t
, toL i s tRever sed
, f romList
, s i n g l e t on

15 ) where

import Prelude h id ing
( concatMap
, s p l i tA t

20 , take
, drop
, ( ! ! )
)

import Data . B i t s
25 ( s h i f t L

, sh i f tR
, s e tB i t
, t e s tB i t
, b i t

30 , ( .& . )
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, ( . | . )
)

import Data . L i s t
( f o l d l ’

35 )
import Data . Monoid

( Monoid ( . . )
)

import Data . Semigroup
40 ( Semigroup ( . . )

)

data Block = Block ! In t eg e r ! Int
d e r i v i ng (Eq , Read , Show)

45

i n s t ance Semigroup Block where
Block xs x <> Block ys y = Block ( ( xs ‘ sh i f tL ‘ y ) . | . ys ) ( x + y)

in s t ance Monoid Block where
50 mempty = Block 0 0

( ! ) : : Block −> Int −> Bool
Block b l ! i = b ‘ t e s tB i t ‘ ( l − i − 1)

55 (!<) : : Block −> Int −> Bool
Block b !< i = b ‘ t e s tB i t ‘ i

concatMap : : ( Bool −> Block ) −> Block −> Block
concatMap f b@( Block l ) = mconcat [ f (b ! i ) | i <− [ 0 . . l − 1 ] ]

60

compact : : Block −> Block
compact b@( Block l ) = head

[ p
| m <− [ 1 . . l ]

65 , l ‘mod ‘ m == 0
, l e t p = take m b
, b == mconcat ( r e p l i c a t e ( l ‘ div ‘ m) p)
]

70 r o t a t e : : Block −> Int −> Block
ro t a t e ( Block 0) = mempty
ro t a t e ( Block b l ) i = Block ( ( ( b ‘ sh i f tL ‘ j ) .&. mask ) . | . (b ‘ sh i f tR ‘ k ) ) l

where
j = i ‘mod ‘ l

75 k = l − i
mask = b i t l − 1

sp l i tA t : : Int −> Block −> ( Block , Block )
s p l i tA t i ( Block b l ) = ( Block (b ‘ sh i f tR ‘ m) i , Block (b .&. mask ) m)

80 where
m = l − i
mask = b i t m − 1

take : : Int −> Block −> Block
85 take i = f s t . s p l i tA t i

drop : : Int −> Block −> Block
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drop i = snd . s p l i tA t i

90 t oL i s t : : Block −> [ Bool ]
t oL i s t b@( Block l ) = [ b ! i | i <− [ 0 . . l − 1 ] ]

toL i s tRever sed : : Block −> [ Bool ]
toL i s tRever sed b@( Block l ) = [ b !< i | i <− [ 0 . . l − 1 ] ]

95

f romList : : [ Bool ] −> Block
f romList = f o l d l ’ add mempty

where
add ( Block b l ) True = Block ( ( b ‘ sh i f tL ‘ 1) ‘ s e tBi t ‘ 0) ( l + 1)

100 add ( Block b l ) Fa l se = Block ( b ‘ sh i f tL ‘ 1 ) ( l + 1)

s i n g l e t on : : Bool −> Block
s i n g l e t on Fal se = Block 0 1
s i n g l e t on True = Block 1 1

14 hs/lib/Mandelbrot/Symbolics/ExternalAngle.hs

{−# LANGUAGE Flex ib l eContext s #−}
{−# LANGUAGE TypeFamil ies #−}
{− |
External ang l e s .

5 −}
module Mandelbrot . Symbolics . ExternalAngle

( ExternalAngle ( . . )
, BinaryAngle ( . . )
, binaryAngle

10 , b inary
, r a t i o n a l
, b i t s
, Tuning ( . . )
, otherRep

15 ) where

import Prelude h id ing
( Rat iona l
, concatMap

20 , s p l i tA t
, take
)

import Data . B i t s
( s h i f t L

25 , b i t
)

import Data . Monoid
( (<>)
)

30 import Mandelbrot . Symbolics . Block
( Block ( Block )
, s i n g l e t on
, concatMap
, compact

35 , s p l i tA t
, take
, t oL i s t
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, t oL i s tRever sed
, f romList

40 )
import Mandelbrot . Symbolics . Per iod

( Period ( per iods , s a f ePe r i od s )
)

import Mandelbrot . Symbolics . Rat iona l
45 ( Q( . . )

, Rat iona l
)

newtype ExternalAngle = ExternalAngle Rat iona l
50 de r i v i ng (Read , Show , Eq , Ord)

in s t ance Q ExternalAngle where
type Z ExternalAngle = In t eg e r
n % d = ExternalAngle (n % d)

55 n %! d = ExternalAngle (n %! d)
numerator ( ExternalAngle r ) = numerator r
denominator ( ExternalAngle r ) = denominator r

i n s t ance Period ExternalAngle where
60 pe r i od s = per i od s . b inary

s a f ePe r i od s maxPeriod = go 0
where

go n r
| n > maxPeriod = Nothing

65 | even ( denominator r ) = go (n + 1) ( double r )
| otherwi s e = go ’ 1 ( doubleOdd r )
where

go ’ m r ’
| n + m > maxPeriod = Nothing

70 | r ’ == r = Just (n , m)
| otherwi s e = go ’ (m + 1) ( doubleOdd r ’ )

data BinaryAngle = BinaryAngle ! Block ! Block
de r i v i ng (Eq , Read , Show)

75

i n s t ance Ord BinaryAngle where
compare x y

| x == y = EQ
| otherwi s e = compare ( b i t s x ) ( b i t s y )

80

i n s t ance Period BinaryAngle where
pe r i od s ( BinaryAngle ( Block pp) ( Block p) ) = (pp , p)

−− | Tuning t rans fo rmat ion f o r ex t e rna l ang l e s .
85 −− Probably only va l i d f o r ang le pa i r s r ep r e s en t i ng hype rbo l i c components .

c l a s s Tuning t where
tune : : ( t , t ) −> t −> t

i n s t ance Tuning ExternalAngle where
90 tune ( lo , h i ) t = r a t i o n a l ( tune ( binary lo , b inary h i ) ( b inary t ) )

i n s t ance Tuning BinaryAngle where
tune ( BinaryAngle lo , BinaryAngle h i ) ( BinaryAngle pre per )

= binaryAngle ( concatMap t pre ) ( concatMap t per )
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95 where
t Fa l se = l o
t True = hi

binaryAngle : : Block −> Block −> BinaryAngle
100 binaryAngle pre@ ( Block pp) per@ ( Block p)

= BinaryAngle pre ’ ( compact (common <> per ’ ) )
where

match
= length . takeWhile id

105 $ zipWith (==) ( toL i s tRever sed pre ) ( toL i s tRever sed per )
( pre ’ , common) = sp l i tA t (pp − match ) pre
per ’ = take (p − match ) per

b i t s : : BinaryAngle −> [ Bool ]
110 b i t s ( BinaryAngle pre per ) = toL i s t pre ++ cyc l e ( t oL i s t per )

binary : : ExternalAngle −> BinaryAngle
binary a0 = (\ ( pp , p) −> BinaryAngle ( f romList pp) (b p) ) . binary ’ . wrap $ a0

where
115 b p = i f a0 == one then s i n g l e t on True e l s e f romList p

binary ’ a
| even ( denominator a ) =

l e t ( pre , per ) = binary ’ ( double a )
in ( ( a >= ha l f ) : pre , per )

120 | otherw i s e = ( [ ] , ( a >= ha l f ) : binary ’ ’ ( doubleOdd a ) )
where

binary ’ ’ a ’
| a ’ == a = [ ]
| otherwi s e = (a ’ >= ha l f ) : binary ’ ’ ( doubleOdd a ’ )

125

r a t i o n a l : : BinaryAngle −> ExternalAngle
r a t i o n a l ( BinaryAngle ( Block pre pp) ( Block per p) )
= ( ( pre ‘ sh i f tL ‘ p) − pre + per ) % ( ( b i t p − 1) ‘ sh i f tL ‘ pp)

130 otherRep : : BinaryAngle −> Maybe BinaryAngle
otherRep ( BinaryAngle ( Block pre pp) ( Block 0 1) ) = Just $ binaryAngle ( Block (⤦

Ç pre − 1) pp) ( Block 1 1)
otherRep ( BinaryAngle ( Block pre pp) ( Block 1 1) ) = Just $ binaryAngle ( Block (⤦

Ç pre + 1) pp) ( Block 0 1)
otherRep = Nothing

15 hs/lib/Mandelbrot/Symbolics.hs

module Mandelbrot . Symbolics
( module Mandelbrot . Symbolics . AngledAddress
, module Mandelbrot . Symbolics . Block
, module Mandelbrot . Symbolics . ExternalAngle

5 , module Mandelbrot . Symbolics . In te rna lAddres s
, module Mandelbrot . Symbolics . In te rna lAng l e
, module Mandelbrot . Symbolics . Kneading
, module Mandelbrot . Symbolics . Mis iurewicz
, module Mandelbrot . Symbolics . Per iod

10 , module Mandelbrot . Symbolics . Rat iona l
) where

import Mandelbrot . Symbolics . AngledAddress
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import Mandelbrot . Symbolics . Block
15 import Mandelbrot . Symbolics . ExternalAngle

import Mandelbrot . Symbolics . In te rna lAddres s
import Mandelbrot . Symbolics . In te rna lAng l e
import Mandelbrot . Symbolics . Kneading
import Mandelbrot . Symbolics . Mis iurewicz

20 import Mandelbrot . Symbolics . Per iod
import Mandelbrot . Symbolics . Rat iona l

16 hs/lib/Mandelbrot/Symbolics/InternalAddress.hs

module Mandelbrot . Symbolics . In te rna lAddres s
( Inte rna lAddres s ( . . )
, i n t e rna lAddre s s
, a s s o c i a t ed

5 , upper
, lower
) where

import Data . Monoid
10 ( (<>)

)

import Mandelbrot . Symbolics . Block
( Block ( . . )

15 , ( ! )
, compact
, s i n g l e t on
, t oL i s t
)

20 import Mandelbrot . Symbolics . Kneading
( Kneading ( . . )
)

import Mandelbrot . Symbolics . Per iod
( Period ( pe r i od s )

25 )

newtype Inte rna lAddres s = Inte rna lAddres s [ Int ]
d e r i v i ng (Read , Show , Eq , Ord)

30 i n s t ance Period Inte rna lAddres s where
pe r i od s ( Inte rna lAddres s xs ) = (0 , l a s t xs )

−− | Construct an ’ Interna lAddress ’ from a kneading sequence .
i n t e rna lAddre s s : : Kneading −> Maybe Inte rna lAddres s

35 i n t e rna lAddre s s ( S ta rPe r i od i c ( Block 0) ) = Just . In te rna lAddres s $ ⤦
Ç [ 1 ]

i n t e rna lAddre s s ( S ta rPe r i od i c v@( Block n) ) | v ! 0 = Just . In te rna lAddres s $ ⤦
Ç address (n + 1) ( unpack v ++ [ Nothing ] )

in t e rna lAddre s s ( Pe r i od i c v@( Block n) ) | v ! 0 = Just . In te rna lAddres s $ ⤦
Ç address n ( unpack v )

in t e rna lAddre s s = Nothing

40 unpack : : Block −> [Maybe Bool ]
unpack = map Just . t oL i s t

address : : Int −> [Maybe Bool ] −> [ Int ]
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address p v = takeWhile (<= p) $ address ’ v
45

address ’ : : [Maybe Bool ] −> [ Int ]
address ’ v = address ’ ’ 1 [ Just True ]

where
address ’ ’ sk vk = sk : address ’ ’ sk ’ vk ’

50 where
sk ’ = (1 +) . l ength . takeWhile id . zipWith (==) v . c y c l e $ vk
vk ’ = take sk ’ ( c y c l e v )

55 −− | A star −pe r i o d i c kneading sequence ’ s upper and lower a s s o c i a t ed
−− kneading sequences .
a s s o c i a t ed : : Kneading −> Maybe (Kneading , Kneading )
a s s o c i a t ed ( S ta rPe r i od i c k@( Block n) ) = do

l e t a1 = compact $ k <> s i n g l e t on Fal se
60 a2 = compact $ k <> s i n g l e t on True

Inte rna lAddres s xs <− i n t e rna lAddre s s ( Pe r i od i c a2 )
l e t ( a , abar ) = i f (n + 1) ‘ elem ‘ xs then ( a2 , a1 ) e l s e ( a1 , a2 )
re turn ( Pe r i od i c a , Pe r i od i c abar )

a s s o c i a t ed = Nothing
65

−− | The upper a s s o c i a t ed kneading sequence .
upper : : Kneading −> Maybe Kneading
upper = fmap f s t . a s s o c i a t ed

70 −− | The lower a s s o c i a t ed kneading sequence .
lower : : Kneading −> Maybe Kneading
lower = fmap snd . a s s o c i a t ed

17 hs/lib/Mandelbrot/Symbolics/InternalAngle.hs

{−# LANGUAGE TypeFamil ies #−}
{− |
I n t e r na l ang l e s .
−}

5 module Mandelbrot . Symbolics . In te rna lAng l e
( Inte rna lAng l e ( . . )
) where

import Prelude h id ing
10 ( Rat iona l

)
import Mandelbrot . Symbolics . Rat iona l

( Q( . . )
, Rat iona l

15 )

newtype Inte rna lAng l e = Inte rna lAng l e Rat iona l
d e r i v i ng (Read , Show , Eq , Ord)

20 i n s t ance Q Inte rna lAng l e where
type Z Inte rna lAng l e = In t eg e r
n % d = Inte rna lAng l e (n % d)
n %! d = Inte rna lAng l e (n %! d)
numerator ( Inte rna lAng l e r ) = numerator r

25 denominator ( Inte rna lAng l e r ) = denominator r
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18 hs/lib/Mandelbrot/Symbolics/Kneading.hs

{− |
Kneading .
−}
module Mandelbrot . Symbolics . Kneading

5 ( Kneading ( . . )
, kneading
, unwrap
) where

10 import Prelude h id ing
( Rat iona l
)

import Data .Maybe
( catMaybes

15 )
import Data . Monoid

( mempty
)

20 import Mandelbrot . Symbolics . Block
( Block ( . . )
, compact
, t oL i s t
, f romList

25 )
import Mandelbrot . Symbolics . ExternalAngle

( ExternalAngle
)

import Mandelbrot . Symbolics . Per iod
30 ( Period ( pe r i od s )

)
import Mandelbrot . Symbolics . Rat iona l

( denominator
, wrap

35 , double
, doubleOdd
, preimages
, ze ro
)

40

−− | Kneading sequences .
data Kneading

= PrePer iod i c ! Block ! Block
| Sta rPe r i od i c ! Block −− sho r t e r by one bit , with imp l i c i t f i n a l Star

45 | Per i od i c ! Block
de r i v i ng (Read , Show , Eq)

in s t ance Period Kneading where
pe r i od s ( PrePer iod i c ( Block pp) ( Block p) ) = (pp , p)

50 pe r i od s ( S ta rPe r i od i c ( Block p) ) = (0 , p + 1)
pe r i od s ( Pe r i od i c ( Block p) ) = (0 , p)

−− | The kneading sequence f o r an ex t e rna l ang le .
kneading : : ExternalAngle −> Kneading

55 kneading a0 ’
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| a0 == zero = Sta rPe r i od i c mempty
| otherwi s e = case span ( even . denominator . f s t ) . kneading ’ $ a0 o f

( pre , ak1@( a1 , ) : aks ) −> case takeWhile ( ( a1 /=) . f s t ) aks o f
aks ’ −>

60 l e t per = map snd $ ak1 : aks ’
in case ( nu l l pre , l a s t per ) o f

(True , Nothing ) −> Sta rPe r i od i c ( f romList ( catMaybes per ) )
(True , ) −> Per i od i c ( compact ( f romList ( catMaybes per ) ) )
( False , ) −> PrePer iod i c ( f romList ( catMaybes (map snd pre ) ) ) (⤦

Ç compact ( f romList ( catMaybes per ) ) )
65 ppp −> e r r o r $ ”kneading : ” ++ show ( a0 ’ , ppp )

where
a0 = wrap a0 ’
( lo , h i ) = preimages a0
kneading ’ a

70 | even ( denominator a ) = (a , knead a ) : kneading ’ ( double a )
| otherw i s e = kneading ’ ’ a

kneading ’ ’ a = (a , knead a ) : kneading ’ ’ ( doubleOdd a )
knead a

| a == lo = Nothing
75 | a == hi = Nothing

| l o < a && a < hi = Just True
| hi < a | | a < l o = Just Fa l se
| otherw i s e = e r r o r $ ”kneading . knead : ” ++ show (a , lo , h i )

80 unwrap : : Kneading −> [Maybe Bool ]
unwrap ( PrePer iod i c pre per ) = map Just ( t oL i s t pre ) ++ cyc l e (map Just ( t oL i s t ⤦

Ç per ) )
unwrap ( S ta rPe r i od i c per ) = cyc l e (map Just ( t oL i s t per ) ++ [ Nothing ] )
unwrap ( Pe r i od i c per ) = cyc l e (map Just ( t oL i s t per ) )

19 hs/lib/Mandelbrot/Symbolics/Misiurewicz.hs

module Mandelbrot . Symbolics . Mis iurewicz
( angleCount
, ex te rna lAng l e s
) where

5

import Prelude h id ing
( s p l i tA t
, take
)

10 import q u a l i f i e d Prelude as P

import Data . L i s t
( nub
, s o r t

15 )
import Data .Maybe

( mapMaybe
)

import Data . Monoid
20 ( (<>)

, mconcat
)

import Mandelbrot . Symbolics . AngledAddress
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25 ( angledAddress
, addressAngles
)

import Mandelbrot . Symbolics . Block
( Block ( . . )

30 , s p l i tA t
, take
)

import Mandelbrot . Symbolics . ExternalAngle
( ExternalAngle ( . . )

35 , BinaryAngle ( . . )
, binaryAngle
, r a t i o n a l
, b inary
)

40 import Mandelbrot . Symbolics . Kneading
( Kneading ( PrePer iod i c )
, kneading
)

import Mandelbrot . Symbolics . Per iod
45 ( Period ( per iods , per iod )

)

angleCount : : ExternalAngle −> Maybe Int
angleCount r

50 | pp == 0 = Just 2
| q == 1 = Nothing −− e i t h e r 1 or 2
| otherwi s e = Just q
where

(pp , p) = per i od s r
55 q = p ‘ div ‘ per iod ( kneading r )

ex te rna lAng l e s : : BinaryAngle −> [ BinaryAngle ]
ex te rna lAng l e s = rays

where
60 pe r i o d i c : : Int −> BinaryAngle −> Maybe BinaryAngle

p e r i o d i c = p r ep e r i od i c 0
p r ep e r i od i c : : Int −> Int −> BinaryAngle −> Maybe BinaryAngle
p r ep e r i od i c preper iod ’ per iod ’ ( BinaryAngle pre@ ( Block pp) per@ ( Block p)⤦

Ç ) =
l e t n = preper iod ’ + period ’ − pp

65 k = (n + p − 1) ‘ div ‘ p −− c e i l i n g (n / p)
( pre ’ , per ’ ) = sp l i tA t preper iod ’ ( pre <> mconcat ( r e p l i c a t e k per ) )

in check $ binaryAngle pre ’ ( take per iod ’ per ’ )
where

check t@( BinaryAngle ( Block pp ’ ) ( Block p ’ ) )
70 | pp ’ == preper iod ’ && p ’ == period ’ = Just t

| otherw i s e = Nothing
rays : : BinaryAngle −> [ BinaryAngle ]
rays t

| pp == 0 && p == 1 = [ BinaryAngle ( Block 0 0) ( Block 0 1) , BinaryAngle (⤦
Ç Block 0 0) ( Block 1 1) ]

75 | pp == 0 = case fmap (map binary . s o r t . (\ ( a , b ) −> [ a , b ] ) ) . (⤦
Ç addressAngles =<<) . angledAddress . r a t i o n a l $ t o f
Just xs −> xs
Nothing −> [ ]

| pp > 0 = case kneading ( r a t i o n a l t ) o f

37



mandelbrot-symbolics hs/lib/Mandelbrot/Symbolics/Period.hs

PrePer iod i c ( Block kp ) −> case p ‘divMod ‘ kp o f
80 (n , m)

| m /= 0 −> e r r o r $ ” rays Prepe r i od i c : ” ++ show (pp , p , kp , n , m,⤦
Ç t )

| n > 1 −> case dropWhile ( ( n /=) . l ength ) . i t e r a t e ( rays ’ n pp ⤦
Ç p) $ [ t ] o f
h : −> h
[ ] −> e r r o r $ ”Mis iurewicz . rays : [ ] ” ++ show (pp , p , kp , n , m⤦

Ç , t )
85 | n == 1 −> rays ’ ’ pp p t

| otherwi s e −> e r r o r $ ”Mi s iu r e iw i c z . rays : n<1 ” ++ show (pp , p , ⤦
Ç kp , n , m, t )

k −> e r r o r $ ”Mis iurewicz . rays : ! pp ” ++ show (pp , p , t , k )
| otherw i s e = e r r o r $ ”Mis iurewicz . rays : pp<0 ” ++ show (pp , p , t )
where

90 (pp , p) = per i od s t
rays ’ : : Int −> Int −> Int −> [ BinaryAngle ] −> [ BinaryAngle ]
rays ’ n pp p t s

| not ( nu l l t s )
= map binary

95 . s o r t
. P . take (n ‘min ‘ ( l ength t s + 2) )
. nub
. map r a t i o n a l
. mapMaybe ( p r ep e r i od i c pp p)

100 . concat
. mapMaybe

( fmap (map binary . (\ ( a , b ) −> [ a , b ] ) )
. ( addressAngles =<<)
. ( angledAddress =<<)

105 . fmap r a t i o n a l
)

$ [ p e r i o d i c m t | m <− [ 2 ∗ pp + p . . ] , t <− t s ]
| otherw i s e = e r r o r ”Mis iurewicz . rays ’ : nu l l t s ”

rays ’ ’ : : Int −> Int −> BinaryAngle −> [ BinaryAngle ]
110 rays ’ ’ pp p t

= map binary
. s o r t
. nub
. map r a t i o n a l

115 . mapMaybe ( p r ep e r i od i c pp p)
. concat
. mapMaybe

( fmap (map binary . (\ ( a , b ) −> [ a , b ] ) )
. ( addressAngles =<<)

120 . ( angledAddress =<<)
. fmap r a t i o n a l
)

$ [ p e r i o d i c m t | m <− [ 2 ∗ (pp + p) . . 3 ∗ (pp + p) ] ]

20 hs/lib/Mandelbrot/Symbolics/Period.hs

module Mandelbrot . Symbolics . Per iod
( Period ( . . )
, Per iods ( . . )
) where

5
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c l a s s Period t where
preper i od : : t −> Int
preper i od = f s t . p e r i od s
per iod : : t −> Int

10 per iod = snd . pe r i od s
pe r i od s : : t −> ( Int , Int )
pe r i od s t = ( preper i od t , per iod t )
s a f ePe r i od s : : Int −> t −> Maybe ( Int , Int )
s a f ePe r i od s = Just . p e r i od s

15

newtype Per iods = Per iods ( Int , Int )
d e r i v i ng (Eq , Read , Show)

in s t ance Period Per iods where
20 pe r i od s ( Per iods p) = p

21 hs/lib/Mandelbrot/Symbolics/Rational.hs

{−# LANGUAGE TypeFamil ies #−}
{−# LANGUAGE Flex ib l eContext s #−}
{−# LANGUAGE ConstrainedClassMethods #−}

5 {− |
Rat iona l numbers with ope ra t i on s u s e f u l in Mandelbrot s e t symbol ic a lgor i thms .
−}
module Mandelbrot . Symbolics . Rat iona l

( Q( . . )
10 , Ratio ( . . )

, Rat iona l
) where

import Prelude h id ing ( Rat iona l )
15 import q u a l i f i e d Data . Ratio as Ratio

−− | Rat iona l numbers with ru f f − s p e c i f i c ope ra t i on s .
c l a s s Q r where

{−# MINIMAL (%) , numerator , denominator #−}
20

type Z r

i n f i x l 7 %, %!

25 −− | Safe con s t ruc to r . Reduces to canon i ca l form .
(%) : : Z r −> Z r −> r
−− | Extract numerator .
numerator : : r −> Z r
−− | Extract denominator .

30 denominator : : r −> Z r

−− | Unsafe con s t ruc to r .
−− Precond i t ion : numerator ‘ gcd ‘ denominator == 1 && denominator > 0
{−# INLINE (%!) #−}

35 (%!) : : Z r −> Z r −> r
(%!) = (%)

−− | 0 .
{−# INLINE zero #−}
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40 zero : : I n t e g r a l (Z r ) => r
ze ro = 0 %! 1

−− | 1/2 .
{−# INLINE ha l f #−}

45 ha l f : : I n t e g r a l (Z r ) => r
h a l f = 1 %! 2

−− | 1 .
{−# INLINE one #−}

50 one : : I n t e g r a l (Z r ) => r
one = 1 %! 1

−− | Convert to Prelude . Rat iona l .
{−# INLINE fromQ #−}

55 fromQ : : I n t e g r a l (Z r ) => r −> Ratio . Rat iona l
fromQ x = to In t e g e r ( numerator x ) %! t o In t e g e r ( denominator x )

−− | Convert from Prelude . Rat iona l .
{−# INLINE toQ #−}

60 toQ : : I n t e g r a l (Z r ) => Ratio . Rat iona l −> r
toQ x = fromInteger ( Ratio . numerator x ) %! f romInteger ( Ratio . denominator x )

−− | Wrap in to [ 0 , 1 ) .
{−# INLINE wrap #−}

65 wrap : : I n t e g r a l (Z r ) => r −> r
wrap x = ( numerator x ‘mod ‘ denominator x ) %! denominator x

−− | Doubling map to [ 0 , 1 ) .
{−# INLINE doubleWrap #−}

70 doubleWrap : : I n t e g r a l (Z r ) => r −> r
doubleWrap = {−# SCC ”doubleWrap” #−} double . wrap

−− | Doubling map from [ 0 , 1 ) to [ 0 , 1 ) .
−− Precond i t ion : 0 <= x && x < 1

75 {−# INLINE double #−}
double : : I n t e g r a l (Z r ) => r −> r
double x = {−# SCC ”double ” #−} case ( ) o f

| even d −> ( i f n < d ’ then n e l s e n − d ’ ) % d ’
| otherwi s e −> ( i f n ’ < d then n ’ e l s e n ’ − d) %! d

80 where
d = denominator x
d ’ = d ‘ div ‘ 2
n = numerator x
n ’ = 2 ∗ n

85

−− | Doubling map from [ 0 , 1 ) to [ 0 , 1 ) f o r odd denominator .
−− Precond i t ion : 0 <= x && x < 1 && odd ( denominator x )
{−# INLINE doubleOdd #−}
doubleOdd : : I n t e g r a l (Z r ) => r −> r

90 doubleOdd x = {−# SCC ”doubleOdd” #−} ( i f n ’ < d then n ’ e l s e n ’ − d) %! d
where

d = denominator x
n = numerator x
n ’ = 2 ∗ n

95

−− | Doubling map pre− images from [ 0 , 1 ) to [ 0 , 1 ) x [ 0 , 1 ) .
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−− Precond i t ion : 0 <= x && x < 1
{−# INLINE preimages #−}
preimages : : I n t e g r a l (Z r ) => r −> ( r , r )

100 preimages x = (n % d ’ , (n + d) % d ’ )
where

n = numerator x
d = denominator x
d ’ = 2 ∗ d

105

i n s t ance I n t e g r a l a => Q ( Ratio . Ratio a ) where
{−# SPECIALIZE in s tance Q Ratio . Rat iona l #−}
type Z ( Ratio . Ratio a ) = a

110 {−# INLINE (%) #−}
(%) = ( Ratio .%)
{−# INLINE numerator #−}
numerator = Ratio . numerator
{−# INLINE denominator #−}

115 denominator = Ratio . denominator

−− | Ratio data s t r u c tu r e with exposed cons t ruc to r f o r op t im i s a t i on s .
data Ratio a = ! a :% ! a de r i v i ng (Eq)

120

−− | Rat iona l type .
type Rat iona l = Ratio In t eg e r

i n s t ance I n t e g r a l a => Q ( Ratio a ) where
125 {−# SPECIALIZE in s tance Q Rat iona l #−}

type Z ( Ratio a ) = a
{−# INLINE (%) #−}
x % y = reduce (x ∗ signum y) ( abs y )

where reduce x ’ y ’ = (x ’ ‘ quot ‘ d ) :% (y ’ ‘ quot ‘ d ) where d = gcd x ’ y ’
130 {−# INLINE (%!) #−}

x %! y = x :% y
{−# INLINE numerator #−}
numerator ( x :% ) = x
{−# INLINE denominator #−}

135 denominator ( :% y) = y

in s t ance I n t e g r a l a => Ord ( Ratio a ) where
{−# SPECIALIZE in s tance Ord Rat iona l #−}
( x:%y) <= (x ’:%y ’ ) = x ∗ y ’ <= x ’ ∗ y

140 ( x:%y) < (x ’ :%y ’ ) = x ∗ y ’ < x ’ ∗ y

in s t ance ( I n t e g r a l a , Read a ) => Read ( Ratio a ) where
readsPrec p = map (\ ( x , y ) −> ( toQ x , y ) ) . readsPrec p

145 i n s t ance ( I n t e g r a l a , Show a ) => Show ( Ratio a ) where
showsPrec p = showsPrec p . fromQ

22 mandelbrot-symbolics.cabal

name : mandelbrot− symbol i c s
v e r s i on : 0 . 1 . 0 . 0
synops i s : symbol ic a lgor i thms r e l a t e d to the Mandelbrot s e t
d e s c r i p t i o n : Symbolic a lgor i thms r e l a t e d to the Mandelbrot s e t :
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5 computations on ex t e rna l angles , kneading sequences ,
( angled ) i n t e r n a l addresses , e t c .

homepage : https : // code . mathr . co . uk/mandelbrot− symbol i c s
l i c e n s e : GPL−3
l i c e n s e − f i l e : COPYING

10 author : Claude Heiland −Allen
mainta iner : claude@mathr . co . uk
copyr ight : ( c ) 2018 Claude Heiland −Allen
category : Math
bui ld −type : Simple

15 cabal −ve r s i on : >=1.10
extra −source − f i l e s :
README.md
TODO.md

20 l i b r a r y
exposed−modules :

Mandelbrot . Symbolics ,
Mandelbrot . Symbol ics . AngledAddress ,
Mandelbrot . Symbol ics . Block ,

25 Mandelbrot . Symbol ics . ExternalAngle ,
Mandelbrot . Symbol ics . Interna lAddress ,
Mandelbrot . Symbol ics . Interna lAngle ,
Mandelbrot . Symbol ics . Kneading ,
Mandelbrot . Symbol ics . Mis iurewicz ,

30 Mandelbrot . Symbol ics . Period ,
Mandelbrot . Symbol ics . Rat iona l

other − ex t en s i on s :
F lex ib l eContexts ,
F l e x i b l e I n s t anc e s ,

35 ConstrainedClassMethods ,
TypeFamilies ,
TypeSynonymInstances

bui ld −depends :
base >=4.7 && <4.14 ,

40 s t r i c t >=0.3 && <0.4
hs−source −d i r s : hs/ l i b
de fau l t − language : Haske l l2010
ghc−opt ions : −Wall
ghc−prof −opt ions : −pro f −auto− a l l −caf − a l l

45

source − r e po s i t o r y head
type : g i t
l o c a t i o n : https : // code . mathr . co . uk/mandelbrot− symbol i c s . g i t

50 source − r e po s i t o r y t h i s
type : g i t
l o c a t i o n : https : // code . mathr . co . uk/mandelbrot− symbol i c s . g i t
tag : v0 . 1 . 0 . 0

23 README.md

mandelbrot− symbol i c s
====================

Symbolic a lgor i thms r e l a t e d to the Mandelbrot s e t : computations on ex t e rna l
5 angles , kneading sequences , ( angled ) i n t e r n a l addresses , e t c .
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24 Setup.hs

import D i s t r i bu t i on . Simple
main = defaultMain

25 TODO.md

TODO
====

AngledAddress
5 −−−−−−−−−−−−−

Port from ’ ExternalAngle ’ to ’ BinaryAngle ’ .

Use ’ bulb ’ i n s t ead o f ’ wakees ’ where appropr ia te .
10

Move and rename ’ wakees ’ to ’ lavaurs ’ in a new module ’ Lavaurs ’ .

Add ’ ConciseAddress ’ and ope ra t i on s .

15

ExternalAngle
−−−−−−−−−−−−−

Optimize ’Ord ’ i n s t ance f o r ’ BinaryAngle ’ and make i t s a f e f o r non− canon i ca l
20 forms .

Add ’ otherRepresentat ion ’ f o r . . . 1 ( 0 ) −> . . . 0 ( 1 ) with s p e c i a l case f o r . ( 0 ) .

25 In te rna lAng l e
−−−−−−−−−−−−−

Add ’ bulb ’ and f r i e n d s .

30

Mis iurewicz
−−−−−−−−−−−

Add nav igat ing by spokes .
35

Parse
−−−−−

40 Ensure base 10 d i g i t s where appropr ia t e .

Va l idat i on and c anon i c a l i z a t i o n o f r e s u l t s .

45 Rat iona l
−−−−−−−−

In s tance s f o r ’ Ratio ’ : ’Num’ , ’ Fract iona l ’ , ’ Real ’ , ’ RealFrac ’ .

50
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I n t eg e r
−−−−−−−

Optimize ’ odd ’ and ’ even ’ to b i tops .
55

Optimize masking − t ry masking be f o r e ’ sh i f tL ’ where appropr ia t e .

44


